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The Thomas-Reiche-Kuhn sum rule is corrected for the motion of the atomic center of mass, and
generalized to include ions. The results are specialized to the case of a two-level atom or ion.
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Sum rules are often used to evaluate integral prop-
erties of response functions, for systems governed by a
Hamiltonian H in the presence of some interaction; in
particular, they enable integrated cross sections to be de-
termined without the need to solve the eigenvalue equa-
tion [1]. The Thomas-Reiche-Kuhn (TRK) sum rule was
one of the first such rules to be found, and relates the
atomic matrix elements of an electric-dipole interaction
with the corresponding eigenenergies. It is now a part
of the history of quantum mechanics that the existence
of the TRK sum rule led Heisenberg to believe that the
canonical commutator between the conjugate variables
of position and momentum must be valid [2] - the sum
rule had originally been proved before the advent of wave
mechanics [3].

But what if the commutator between the atomic dy-
namical variables is not canonical? This situation arises,
for example, in the case where an atom is modeled in
terms of a finite number of eigenstates, such as a two-
level system. Here, the TRK sum rules must be modified
to take account of the noncanonical nature of the funda-
mental commutator [4]; a fact which resolves an apparent
paradox involving the usual form of the TRK sum rule
and a two-level atom. A similar situation occurs when
an atom is considered to possess an overall gross motion,
characterized by the dynamics of its center of mass R.
In such a case, it will be seen below that the commutator
between the internal atomic dynamical variables is also
noncanonical.

This report accounts for the effects of gross motion
in the TRK sum rule, and, with a generalization to N-
particle atoms, extends the rule to include the case of
ions. The general theory, as is to be expected, has some
formal similarities with the well-known derivation of the
nuclear electric-dipole sum rule [1]. The theory will be
specialized to atoms and ions comprising a finite number
of equally spaced eigenenergies. Such an investigation is
timely in view of theoretical developments in the study of
the effects of atomic gross motion on radiation pressure
and spectroscopy [5,6].

A rigorous description of atomic gross-motion effects in
the presence of a radiation field has recently been given,
where the dynamics of all of the particles enter the for-
malism on an equal footing [5]. The theory transforms
the total Hamiltonian of the complete radiation-atom
system into zero-order components describing the atomic
internal and gross motions, as well as the radiation field,
together with an interaction which is exact to all orders
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of atomic polarization. The atom is defined as an aggre-
gate composed of an arbitrary number N of particles, of
charge e” and mass m”, and with laboratory-frame con-
jugate coordinates of q¥ and p”, where v = 1,2,...,N.
Since N is arbitrary, the aggregate can exhibit a net
charge

er =3 e, (1)

v

and therefore describes an atom or ion. It is assumed that
the motions of all of the particles are non-relativistic, and

[qﬁ‘ ,pi‘r'] = thbi S - (2)

In dynamics invariant to a Galilean transformation the
introduction of the center of mass R = ) (mq”/M),
where

M=) m" (3)

is the total atom or ion mass, is simple and unambigu-
ous — in contrast to relativistic dynamics where several
generalizations of the Newtonian definition are possible
[7]. The theory is wholly quantum mechanical, with the
center of mass R and the total atom or ion momentum
P =), p” forming the canonical commutator

[R;, Pyt] = thé;r . (4)

In the dipole approximation, to the first order in elec-
tronic charge, the total interaction truncates to the sum
of the usual dipole term and the so-called Rontgen in-
teraction. The latter plays an important role in momen-
tum conservation in radiation pressure calculations [5]
and also induces a quantum phase in a moving dipole [8].

The formalism of the theory is nontrivial and outside
the scope of the present work — the reader is referred to
Ref. [5] for details. Here, our interest is confined to the
zero-order internal atomic Hamiltonian

I—’u‘ p-v eueu'
H = —_— . 5
zu: T+ 2 8me,|q” — gv'| )

vv'!

An important feature of (5) is that it is written in terms
of internal atom or ion dynamical variables
qu = qu -R ’ (63)
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isy = pV - —P, (6b)

which, from Egs.
commutator

(2) and (4), form the noncanonical

v

[ﬁf»ﬁ:ﬂ’] = ihdi {5uu' - TX/I } . (7)

The internal atom or ion phase space is separate from
that of the gross motion, that is,

@, Pe] = [Ri,p;] =0, (8)

and overcomplete in the sense that equations of con-

straint
Y. =0, (9a)
> mtgt =0 (9b)

may be constructed for the internal variables. Neverthe-
less, a canonical commutator

[‘72' -q ,:51-"] = ihd; (10)

where v # ', may be formed involving the position
q” — g of any particular particle v relative to a different
particle /. This is a generalization of the well-known
result for a hydrogenic atom [9], where (9a) is used to
eliminate one of the internal momenta, say p2, with the
effect that (5) reduces to the familiar Hamiltonian

1

H_f)l-f) exe

T2 dme|ql - @

+ (infinite energies) (11)

written in terms of the reduced mass p = m!'m?/(m! +
m?). The general Hamiltonian (5) must be read in con-
junction with the noncanonical commutator (7) and the
equations of constraint (9).

The non-Schrodinger representation

L, ., 9 . m )
P __zﬁ%".*_lhﬁzu:aq"’ (12)

of the internal momentum (6b) leads to a complicated
eigenvalue equation for a general atom or ion. However,
as mentioned earlier, a determination of the eigenfunc-
tions is unnecessary in order to obtain the corresponding
sum rule. From the Hamiltonian (5), together with the
non-canonical commutator (7) and the equation of con-
straint (9a), one may write

[d-e [d-€,H]] =R °r _ Z ere” €€ (13)
I b M my )
where the dipole moment is given by
d=> eq" (14)

and €,€ are two unit vectors to be identified as the po-
larizations of the incident and scattered photons of the
electric-dipole interaction. Finally, the TRK sum rule

3 {20, - wa — wpH(Tald-e|¥,)(T,|d-¢|T5)

L

e’e¥ e,_zr ,
=h> — -~ ap (€€%s, (15)
v
corrected for the atom or ion center of mass and net
charge er, is obtained after the use of the closure rela-

tionship
ST =1. (16)

In (15), the internal atom or ion eigenstates |¥,) corre-
spond to the eigenenergies E, = fw,, where z = a, 3, ¢,
and the sum over ¢ is over all possible eigenstates consis-
tent with (16). The right-hand side of (15) reduces to the
familar form of (e?/u)e-€' 8,5 in the case of a hydrogenic
atom.

Finally, adopting the results of Ref. [4], the correspond-
ing form of (15) for an atom or ion of s+ 1 equally spaced
eigenenergy levels is

8

> w{2n — i — j}(ild-eln)(n|d-€|j)

n=0

e’e’ ek
- h{z = - M} {5,,- —(s+ 1)5i,53,-} . (17)
where the eigenvalue equation H|z) = zfw|z), with z
assuming the integers 7, j, and n, defines the eigenener-
gies. Therefore, the off-diagonal elements of the dipole
interaction for a two-level atom or ion are such that

eve’ €2
|(0]d-€[1)|* = 2—};- {Z — - MT} : (18)

with %w as the energy difference between the ground |0)
and excited |1) states.

Equation (15) provides the main conclusion of this re-
port and represents the TRK sum rule for an N-particle
atom or ion, corrected for the gross motion of its center
of mass.
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