Reports, Research, Consulting

LC(JliH—B axter.com

Mar ket-Relewvant Science

Coherence Length for a Trapped Bose Gas

Stephen M. Barnett, Sonja Franke-Arnold,
Aidan S. Arnold, Colin Baxter

Journal of Physics B, 33, 4177 (2000)

Front Cover


http://www.colin-baxter.com/academic/research/3341.html

J. Phys. B: At. Mol. Opt. Phys. 33 (2000) 4177-4191. Printed in the UK PII: S0953-4075(00)51161-4

Coherence length for a trapped Bose gas

Stephen M Barnett, Sonja Franke-Arnold, Aidan S Arnold and Colin Baxter
Department of Physics and Applied Physics, University of Strathclyde, Glasgow G4 ONG, UK

Received 26 June 2000, in final form 14 July 2000

Abstract. Matter waves can be assigned a coherence length analogous to the corresponding
quantity in optics. We show that there is a dramatic increase in coherence length associated with
the appearance of Bose—Einstein condensation in a trapped ideal Bose gas. The large increase in
coherence length occurs even for temperatures just below the critical temperature at which only a
small proportion of the trapped atoms is to be found in the ground state.

1. Introduction

The observation of interference between atoms prepared in Bose—Einstein condensates [1-3]
provided a remarkable demonstration of the wave nature of matter at the macroscopic level.
In these experiments, the condensates appeared to behave as classical waves rather than as
ensembles of point particles. The visibility of the interference fringes observed is determined,
as in optics, by the coherence properties of the interfering atoms. The coherence properties
are most readily and completely described in terms of coherence functions [4—6]. Indeed, the
existence of coherence is a necessary requirement for interference, with the coherence length
furnishing a critical measure. In this paper we introduce the coherence length for a trapped
Bose gas as a measure of the distance over which interference can be observed. We show that
condensation is accompanied by a dramatic increase in the coherence length. At very low
temperatures, the coherence length approaches the size of the condensate as demonstrated in
[7].

Bose-Einstein condensation is associated with the appearance of a macroscopic population
of atoms in the motional ground state. The wavefunction for this ground state then plays a
role analogous to the amplitude of a coherent field for the condensate [§—11]. Numerical
simulations based on the ground-state wavefunction are in very good agreement with the
results of experiment [12, 13].

Optical interference is conventionally associated with a well defined phase relationship
between the overlapping fields. The mechanism that determines the phase for a condensate
has received considerable attention ([14] and references therein). It is important to note,
however, that the observation of interference fringes does not necessarily imply the existence
of a predetermined relative phase between the condensates. Indeed, an interference pattern
will appear even for two condensates, each with a precisely determined number of atoms and
hence with no preferred phase [15-22].

It has recently been demonstrated that interference fringes occur when two spatially
separated parts of the same condensate are allowed to overlap [3]. This experiment also
showed that fringes could be observed at temperatures just below the critical temperature
for condensate formation. At these temperatures, most of the trapped atoms are not in the
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condensed motional ground state and the visibility is reduced compared with that which is
observed at lower temperatures. The distance between the separated parts of the condensate
for which interference fringes occur appears to increase significantly as the temperature is
reduced below its critical value. This is consistent with the sudden increase in coherence
length described in this paper.

2. Optical coherence

The theories of classical and quantum-optical coherence are both well developed [23,24]. It
may be helpful, therefore, to start with a brief discussion of the role of coherence and coherence
length in optical interferometry.

Consider an optical interferometer of the Mach—Zehnder or Michelson type. The
difference between the path lengths will impose phase shifts on the waves travelling through
the interferometer, leading to interference. The interference will only be observable if the
difference in the path lengths is sufficiently small that random phase fluctuations in the optical
source have not caused a loss of coherence between the two recombined waves. The visibility
is determined by the first-order coherence function

GV(t) = (E*()E(t + 1)) 2.1

where E is the complex electric field amplitude and t is the time delay associated with the
difference in the interferometer path lengths. The angled brackets denote a temporal average
over t. The modulus of the complex coherence function is peaked at T = 0 and decays to zero
for large values of t. The time delay characteristic of the decay of the coherence function is
the coherence time, which may be written as [23]

[ dr 2 |GD(n))?
2 dT|GO(D))2

It is often more natural to deal with coherence length rather than coherence time. In optics,
the coherence length £ is simply related to the coherence time by £ = cAt and represents
the difference in the lengths of the interferometer arms for which the visibility is significantly
reduced. For matter there is no correspondingly simple relationship between coherence length
and coherence time, however, the first-order coherence function and the associated coherence
length can be defined for any wave.

(AT)? = (2.2)

3. Coherence length for a single trapped particle

The aim of this paper is to determine the coherence length for trapped quantum particles. We
begin by considering a single particle. In a single-particle interferometer, interference occurs
between the probability amplitudes associated with different positions of the particle.

Consider a particle prepared in a motional pure state with wavefunction ¥ (r). The
coherence between the state at two positions r; and r, can be measured by interference.
The interference pattern takes the form of a probability density

p = lay(r) +byr(ry)| (3.1)

where a and b are geometrical factors. The visibility will depend on ¥ *(71) ¥ (r,), which is
the analogue of the optical coherence function (2.1). If the particle is prepared in a mixture of
states 1, (r) with probabilities p, then the coherence function becomes

p(ry,m) = anlﬂ:(ﬁ)lﬁn(Tz) = (r1lplr2) (3.2
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where p is the density operator and |r) is a three-dimensional position eigenstate. This is
closely related to the spatial correlation function introduced to measure the temperature of
ultra-cold atoms [25]. Interference associated with the motional state of a single trapped
particle has been demonstrated in ion traps [26-29].

The coherence function (3.2) will depend, in general, on both the distance and direction
between the points 7; and r,. A measure of the distance in the x-direction over which coherent
phenomena can be observed is the coherence length £ in the x-direction, which is defined by

_[dry [dra oGy, )P (x) — x2)°
2 [dry [dry|p(ry, ) ?

A factor of two has been introduced in comparison with the optical coherence time (2.2) so
that the coherence length for a pure state coincides with its width given by the uncertainty
Ax. We note that the coherence length can be expressed in terms of the density and position
operators [30],

£? (3.3)

2 TP — Te(pipo)
Tr(5?) '

The difference between the width of the motional wavepacket and its coherence length

is best illustrated by considering the example of a thermal wavepacket [30]. In this state, the

probability of finding the particle in the nth motional eigenstate of the trap is given by the
Boltzmann formula

Pn = [1 — exp(—Bhw)] exp(—Brhw) 3.5)

where w is the trap frequency (in the x-direction) and 8 = (kg T) ™' is proportional to the inverse
temperature. The width of the thermal wavepacket exceeds that for the zero-temperature ground
state,

(3.4)

Ax? = % coth(Bhw/2) = Ax} coth(Bhw/2). (3.6)

In contrast, the coherence length for the thermal wavepacket is less than that for the zero-
temperature ground state,

tanh(Bha/2) = L3 tanh(Bhw/2). (3.7)

P
2mw
This means that the thermal wavepacket has a greater spatial extent than the ground state
wavepacket, but that the distance over which interference can occur is less than that for the
ground state. The width of the thermal wavepacket is a monotonically increasing function of
temperature, but its coherence length decreases monotonically with temperature.

4. Coherence length for a trapped Bose gas

In order to treat the coherence properties of a Bose gas of cold atoms, we require a second-
quantized description [11,31]. Hence we introduce the atom annihilation and creation
operators ¥ (r) and 7 (r'). We will be concerned in this paper only with operators evaluated
at equal times and so suppress all time dependences. The operators satisfy the bosonic
commutation relations

[ ), ¥ (@) =8(r —7) (4.1)
W), g ()] = @), ¥ ()] =0. (4.2)
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We can represent the observable properties of our Bose gas in terms of these operators. In
particular, the density of atoms at position r is associated with the operator 1/3*(1’) x@(r) and
the total atom number operator is f dr &T (r) 1/}(r).

In an interference experiment on a trapped gas, we might measure the interference between
matter waves associated with two different positions r; and r; in the gas [3]. The mean density
of atoms would then be

n=((a*y () + b P () (aP (r) + b (r2))) (4.3)

where a and b are geometrical factors. This density is the second-quantized analogue of
the single-particle probability (3.1). The coherence or Green function associated with the
interference is then [4]

GV, m) = (¥ (r) ¥ () “.4)

which is proportional to the single-particle density matrix [31],

1, .. R
p(ri, ) = N(w'(rl) ¥ (r2)) 4.5)

where N is the mean number of trapped atoms. This is the many-particle analogue of (3.2)
and the corresponding coherence length is

2= [dry [dry ([ (ry) I/Af(rz))’z(xl —x2)?
2 [dry [ dr |(§F () ()|

Given the coherence function (4.4) or equivalently the density matrix (4.5) we can determine
the coherence length for the trapped gas. We note that our coherence length can be applied to
any many-body problem including those involving fermions and those involving fewer than
three dimensions. We will consider these elsewhere.

Higher-order coherence functions for a trapped Bose gas have been calculated [4—6] and
measured [32,33]. These provide information concerning density fluctuations and collisions
within a condensate.

(4.6)

4.1. The density matrix

Our aim is to calculate the coherence length for a trapped Bose gas. In order to keep our
analysis as simple as possible we will describe the gas using the grand canonical ensemble in
which the mean values of the energy and of the total particle number are fixed [34]. We will
also restrict our discussion to the non-interacting, ideal Bose gas. Finally, we specialize to
the case of an isotropic harmonic trap in which the frequencies associated with oscillation in
the three Cartesian directions are equal so that the potential energy of a single trapped atom
isU(r) = %maﬂ'rz, where m is the atomic mass and w is the angular frequency of harmonic
motion in the trap. The energy eigenvalues have the familiar form for a three-dimensional
harmonic oscillator

E"x'"v!"; = (nx + ny + nz)hw (47)

Here we have set the zero of energy to coincide with the ground state of the trap. Naturally,
this choice will also affect the value of the chemical potential.

The mean number of particles occupying any given trap state is given by the Bose—Einstein
formula

Novnyne = {xp [BEn . — )] — 1} (4.8)
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so that the mean value of the total atom number is

o0

N = Z {exp [IB(Enx,ny,n; - M)] — 1}_1 . (49)

N,y =0

For any given value of N, the (negative-valued) chemical potential ; must be chosen so that
this equation is valid. Equation (4.9) can be simplified by expressing the summations over .,
n, and n; in terms of a single summation over a dummy index j (see [35, 36] and appendix A)
to give

N = exp(jipw [1 — exp (—jphw)] . (4.10)
j=1

We proceed with our calculation of the density matrix (4.5) by expanding the atom
annihilation and creation operators as a sum of operators for each of the trap states

o]

V)= Y w7 annym, (4.11)

ny,ny,n;=0

where the trap state annihilation and creation operators satisfy the usual commutation relations
[y By e e = S Sy S - 4.12)

In thermal equilibrium, the expectation values of products of annihilation and creation operators
have the simple form

AT ~ _
(an;,n’v,né anx ,ny,n\.> — ]\[n,\.,n}.,nZ Snx,n; 5n}.,n;, (Snz,ng . (413)

Hence the density matrix is

1 s _
T2 e T ) {exp [B(En ] = 1) @14)

ny,ny,n;=0

o(ri,r) =

which is equivalent to the coherence function given by Naraschewski and Glauber [6]. We
can simplify this expression with the aid of the harmonic oscillator eigenfunctions to give (see
appendix A)

1 /mw\32& : . _
prir) = — (52) Y exp(Bmlall — exp(~2)phe)]) 2
N =

h

maw ) . 2 .
xexp{—E[|r1+rz| tanh(jBha/2) +|r1 — 7 coth(]ﬂhw/Z)]]. (4.15)

The density matrix has the form of a sum of Gaussians in the sum and difference of the
coordinates, centred on the middle of the trap. In particular, the width of the Gaussian
containing the sum 7+, is proportional to the uncertainty of a single thermal particle as given
in (3.6), whilst the width of the Gaussian containing the difference r; — 7, is proportional to
the corresponding coherence length (3.7).

We point out that the mean squared width of the Bose gas can be readily obtained from
the density matrix (4.15),

2 _ o L h hexp(BIL +exp(—jpho)]
Ax® = /d'r p(r,r)x- = N Imo ; [l — exp(—jBha) . (4.16)
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In the zero-temperature limit, 8 — oo and the width of the ground state is given by

h
Ax} = —. 4.17
o 2mw ( )
For large temperatures the number of atoms occupying any given trap state is small and the
density matrix (4.15) approaches the simpler form (A.14). In this limit the width of the thermal
cloud becomes

thermal —

Ax2 ZL coth(Bhw/2) (4.18)
maw

which is the same as the single-particle expression (3.6) and grows approximately linearly with
temperature.

4.2. Coherence length

The coherence length can be obtained by substituting the density matrix (4.15) into (4.6). We
present, in appendix A, the evaluation of the required integrals and summations and show that
the coherence length can be written in the form

[e ]
EZ — i{l + Zenﬂ,u. [l _ efnﬁha)]_4 [(l’l _ l)efnﬂhw _ (1 _ ef(nfl)ﬂhw)(eﬁh(u _ 1)71]
mo (2 ‘=

00 —1
x [ > = el - e—"f‘hw]—ﬂ } (4.19)
n=2

In the zero-temperature limit, 8 — oo and the ratio of summations tends to zero so we are left
with
- (4.20)
7 2mew ’
which is the value associated with the width of the trap ground state. This equivalence between
the condensate coherence length and the size of the condensate has been demonstrated in [7].
More generally, the coherence length is an explicit function of the inverse temperature 8 and of
the chemical potential 1, but depends on the total number of atoms N only implicitly through
. We are interested in the temperature dependence of the coherence length for a given number
of atoms and therefore substitute into (4.19) the appropriate value of u determined from (4.10).
Of particular interest is the behaviour of the coherence length in the vicinity of the critical
temperature

Te = hw( N )1/3 ~ 0.941"2 113 4.21)
Tk \203) T kg '

below which condensation occurs [37-39]. Here, the Riemann zeta-function is defined as
£(t) = > 02, n~". The critical temperature can be interpreted as the temperature at which
the de Broglie waves for the individual atoms overlap [40]. It can also be understood as a
consequence of the uncertainty principle [41].

In figure 1(a) we plot the ratio £/ Ly as a function of temperature for a mean total number of
atoms N = 1, 10, 102, 103 and 10*, indicated by the broken curves. The temperature has been
scaled to reflect the formation of a condensate below the critical temperature. For comparison,
the fraction of atoms in the (condensed) ground state is shown broken in figure 1(b). In the limit
N — o0, the asymptotic form of the coherence length is a Heaviside function in temperature
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Figure 1. (a) The normalized coherence length and (b) ground-state occupation as a function of
temperature in units of the critical temperature for atom numbers between 1 and 107 in factors of 10.
Broken curves indicate the exact calculations using (4.19) and (4.10), which were only performed
for atom numbers up to 10*. Full curves represent the approximate forms (A.10) and (A.9).

with a transition from £ = £j to £ = 0 at the critical temperature, whilst below T = T¢ the
ground state occupation can be described by the equation [38]

No T\
~ =1 (T_c) ) (4.22)

Remarkably, the coherence length shows a significant increase as soon as condensation starts to
occur, even when only a small fraction of atoms is in the ground state. This is a consequence of
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Figure 2. The normalized coherence length (A.10) for higher temperatures. For temperatures
above the critical value the coherence length approaches the value for a single thermal particle
(broken curves). This can be seen more clearly in the magnified plot region (inset).

25

0 02 04 06 08 1 12 14
/T,

Figure 3. The normalized RMS width of the Bose gas as a function of temperature for atom
numbers between 1 and 107 in factors of 10. We have used the approximate form (A.12).

the change in the first-order coherence function associated with condensation, which has been
noted previously [4,6,9]. The larger the number of atoms, the more abruptly the coherence
length rises to its maximal (zero-temperature) value as the temperature decreases below T¢.
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Figure 4. The ratio of coherence length to the Bose gas width as a function of temperature for
atom numbers between 1 and 107 in factors of 10.

In order to study the coherence length for larger numbers of atoms, we employ an
approximate form (A.10) derived in appendix A. This approximate form is plotted as full
curves in figure 1(a), for mean atom numbers increasing by factors of 10 from 1 to 107. The
corresponding approximation for the fraction of atoms in the ground state (A.9) is shown
in figure 1(b). For large numbers of atoms the coherence length remains near to its zero-
temperature value up to temperatures just below T¢, even though only a small fraction of
atoms are condensed. Above T¢ the coherence length is greatly reduced.

At high temperatures the gas is no longer degenerate and we can neglect the unity term
in the denominator of the Bose formula (4.8). We show in appendix A, that in this limit
the coherence length reduces to its single-particle form (3.6). In figure 2 we compare the
coherence length (full curves) with this high-temperature approximation (broken curves). It
is clear that the high-temperature approximation, which ignores degeneracy, provides a good
approximation for temperatures above T¢.

It is important to remember that, although at temperatures just below T¢ the coherence
length quickly rises to Ly, the total width of the condensate greatly exceeds its ground state
width of Axg = Lo, as shown in figure 3. The trapped gas’ coherence length as a fraction
of the cloud width (figure 4) gives a clearer perspective of the relative length scales as the
transition temperature is traversed. Even in this ‘normalized’ picture the coherence length
increases abruptly at 7¢ for large atom numbers.

5. Conclusion

The coherence length is a critical measure for the observation of interference. In this paper we
have derived its form for a trapped ideal Bose gas.

We have demonstrated that the onset of condensation coincides with a dramatic increase
in the coherence length, especially for a large number of atoms. This increase is remarkable
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as the coherence length reaches its maximum value at temperatures for which only a small
proportion of the trapped atoms are in the ground state. The increase in coherence length
provides a simple explanation for the interference between spatially separated regions of a
condensate just below the critical temperature [3].

Interference and coherence are often associated with the existence of a pure state for the
trapped gas. This description is indeed valid for temperatures close to zero, but does not apply
in the vicinity of the critical temperature. The least-squares fit of appendix B shows that the
nearest pure-state approximation to the density matrix (4.15) is the trap ground state (B.11)
with a mean occupation number Ny. This means that a pure-state description is not applicable
just below the critical temperature when Ny < N. Thus, although a pure state will give rise
to coherence, it is, of course, perfectly possible for coherent phenomena to be observed for
mixed states.

It should be emphasized that the spatial extent of the trapped gas, as measured by (4.16),
is larger than the coherence length. Only in the limit of zero temperature do they tend to the
same value. This means that there is a jump in partial coherence at the critical temperature.
Coherent phenomena will be more apparent below the critical temperature, but are not expected
to extend across the whole of the trapped gas until much lower temperatures are reached.

The coherence length may also be calculated for other many-body problems including
anisotropic gases, Bose gases in one and two dimensions and trapped Fermi gases. We intend
to investigate such cases in the future.
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Appendix A. Mathematical details

We present in this appendix some of the more involved mathematical derivations of the formulae
presented in the text.

The Bose—Einstein formula for the mean total atom number (4.9) can be replaced by a
simpler expression involving only a single sum (4.10). This can be achieved by writing (4.9)
in the form [35, 36]

o0

N= > Y exp[—jB(Eunmn — )]

ny,ny,n;=0 j=1

3

Jj n=0

3
=) exp(jBw) [Z exp (—jnﬁhw)]
1

exp (jBu) [1 — exp (—jBhw)] . (A1)

I
M2

~.
I
—_
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We can obtain the density matrix in the form (4.15) by first introducing an additional sum

as in (A.1) and by giving explicit expressions for the trap state eigenfunctions. This leads us
to rewrite (4.14) in the form

00 2 2
o = 5 (50) e [Z R LA )]Hn<X1)Hn(X2)]
j=1 n=0

2nplgl/2
x[X = Y][X > Z] (A.2)
where we have introduced dimensionless coordinates
mow\ /2
X = (7) x (A3)

and the final terms in square brackets indicate replacing X by ¥ and by Z. We can evaluate
the sum over n in (A.2) by using the integral representation of the Hermite polynomials and
their generating function [42] to give

= —jn, a)exp[ (X2 + X )]
;e Jnph ST 172 H,(X1)H,(X>)

00 o0
:n“/ dtefﬂef(x]%X%)/ZZ(ny)*l(xl+it)"e’j’“3h“’Hn(X2)
oo -

(o]
= e XitXD/2 / drexp[—1* — e 2P (X +i1)? + 2P X, (X, +it)].
—00

(A4)
Evaluating the Gaussian integral then gives
> o exp[—1 (X7 + X3
— 2”11!7{1/2
=712 (1 — e 2P ™ P expl—1[ (X, + X»)* tanh (jBhe/2)
+(X1 — X»)* cosh (jphw/2) ]}. (A.5)

Applying the same procedure to the ¥ and Z summations and reinstating the original
coordinates gives the density matrix in the form (4.15).

The coherence length (4.19) may be obtained by inserting the density matrix (4.15) into
our formula for the coherence length (4.6) and evaluating the integrals. For the denominator
we find

1 4h eU+HBu
2 —
/d’rl /drz lp(ry, m)|” = N2 ( > Zl (1 — o 20Phay3/2(] — o 2Bhay3/2

x [tanh(jBhw/2) + tanh(IBhw/2)1*? [cosh(jBhw/2) + cosh((Bhw/2)]>?

_ 16 <i>3 i QUHDR [| _ g-tishpre]
N2 \ mow =
3 3
< ) > = Der 1 —e ] (A.6)
n=2
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For the numerator we find

8 h 3 o ) ) _
/dm/drz lp(r1, 1)*(x1 — x2)* = ¥ <_) Z DB [] — g=UrDATe] 3
maw

jl=1

2
" coth (jBhw/2) + coth ((fhw)2)

— <_) Z elU+hBu [1 _ ef(j+/>ﬂhw]‘ (1 _ efjﬂhw) (1 _ eflﬂhcu)
N

mw ) o=
8 h & n —nphow —4
=32 (o) e D™
n=2
x [0 = 1) (1 e70) =2 (1 — gm0 e (et — 1) 1] (A7)

The ratio of (A.7) and (A.6) is the square of the coherence length given in (4.19).
We can obtain a very good approximation to the atom number (4.10) and the coherence
length (4.19) by making the replacement

e—x/Z
~ 1+
1—e™* X

(A.8)

which is accurate to better than 2.5% for all positive x [35,43]. The resulting approximate
forms for the atom number and coherence length are

3
N = Z(; (j ) (,Bha))fj g (eﬂ(ﬂfjhw/Z)) (A.9)
=

L2 /4 4
Z o142 ") (Bhw)
m=te2 () e
J_
s {1 (P (+i/0l) [ g (PlH—(%i/Dh0ly _ o (eBluilo/2)] j(efho _ 1))

X -1
x{ Z ( j ) (Bhow) 7 [gj_1(PH=iel2ly — g, (ePliimel2)] } (A.10)

=0

where we have used the Bose functions [34]
o0
gu(x) =Y _"/n". (A.11)
n=1

Similarly, the width of the Bose gas (4.16) can be approximated by

4

h ( 4 > —J —jhw/2 —(1+j/2)h
IR ) (Bhw) J [gj(eﬁ(ﬂ Jhw/ )) +gj(eﬂ[ll- 1+j/2) a)])] (A.12)
2mw J.X:(; J

1
Ax? = —
N

To obtain the high-temperature limit of the coherence length we note that at high
temperatures there is only a small probability of finding more than one atom in any given
trap state. This means that we can neglect the 1 in the Bose formula (4.8) [41]. In this
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approximation the density matrix (4.14) becomes

e,B/’“ 0
P T == Dt (T U, (72) XPL= Bl (e + 1y +12)]

ny,ny,n;=0

eP maon32 | S exp[—1(X? + X2)]
7<7) [Ze npho 2"2n‘n'11 T H (XD H(X>)
n=0 :

X [X = Y][X — Z] (A.13)

where we have again used the dimensionless coordinates (A.3). The remaining summations
can be evaluated using (A.4) and (A.5) to give

ePl smwn3/2 2 Bho\1—3/2
p(ry, r) = A (7) [71(1 — g7 2m )]

maw 2 2
xexp{—ﬁ[|r1+r2| tanh(Bhw/2) + |r1 — 72| coth(,Bhw/Z)]}. (A.14)

Inserting this into (4.6) gives
h
£? = —— tanh(Bhw/2) (A.15)
2mw

which is of the same form as found for a single trapped particle (3.6).

Appendix B. Least-squares fit to a wavefunction
The existence of off-diagonal long-range order has long been recognized as an important, even

defining feature of Bose—Einstein condensation [9—11]. This is associated with the approximate
factorization of the density matrix as

| R A 1
p(ri,m2) = N(‘/f’(h) Y(r)) = ﬁw*(m) ¥ (r2) + small terms. (B.1)

The function ¥ () is associated with the condensed atoms in the ground state. Here we show
by means of a least-squares fit that the best approximate density matrix of the form

1
papprox("'l’ ) = N¢*(Tl) Y (r2) (B.2)
is that for the ground state of the trap.

The least-squares fit between (B.1) and (B.2) corresponds to finding the minimum value
of the quantity

M=/mfwﬂmmm—%mmmm? (B3)

In order to evaluate M we expand the density matrix and the approximate wavefunction in
terms of the trap states:

1 o0
p(ry,m) = N Z Uiy (11) Ugny (12) Niwy (B.4)
(1=0

Y =D Yt (r). (B.5)
{n}=0
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Here we denote by {n} the set of three quantum numbers ny, n, and n.. Inserting (B.4) and
(B.5) into (B.3) and using the orthonormality of the trap states,

/d’l‘ u?ﬂ} (’I") M{n’}(’l“) = S{n},{n’} = 8”»"} 8,1)‘7,1‘/“5,,3,,; (B6)
gives
2
M = (NwySny.iny — 1 [V )™ (B.7)
{n}{n'}

Reordering the terms in the summations leads to

2
M= > Ni+|No— Y Wwl| +2)_ (N — Naplrml>  (BS)
{n}#{0} {n} (n}

where Ny, represents the ground state Ny. Each of the three terms in (B.8) is positive by virtue
of the fact that the mean population (4.8) is the greatest in the ground state so that Ny, > Ny.
The first term in M is fixed by the Bose statistics of the density matrix. The minimum value
of each of the two remaining terms is zero so that

2 2 2
Muin = Y Npy=Y Ni —N;. (B.9)
{n}7#{0} {n}
This minimum value is obtained by setting
V1> = Nodu, 081,080 (B.10)
so that ¥ (r) is the trap ground state
¥ (r) = e/ Nouo,o0(r) (B.11)

where ¢ is an arbitrary, constant phase. Note that this wavefunction is not normalized to the
total number of trapped atoms but to the number of atoms trapped in the ground state:

fdr Y (r)> = Np. (B.12)
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