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Energy-momentum balance in quantum dielectrics
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We calculate the energy-momentum balance in quantum dielectrics such as Bose-Einstein condensates. In
agreement with the experiment [G. K. Campbell et al., Phys. Rev. Lett. 94, 170403 (2005)] variations of the
Minkowski momentum are imprinted onto the phase, whereas the Abraham tensor drives the flow of the
dielectric. Our analysis indicates that the Abraham-Minkowski controversy has its root in the Rontgen inter-

action of the electromagnetic field in dielectric media.
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I. INTRODUCTION

It is surprising [1] that the momentum of light in media
has been subject to considerable debate [1-4] for almost a
century. Moreover, although the main contenders, the
Minkowski momentum [2] D X B and the Abraham momen-
tum [3] E X H/c?, differ by a substantial factor, the refractive
index squared, precise experimental tests of this thorny issue
have been scarce [5,6]. Only recently, the photon recoil mo-
mentum was directly measured [6] in a medium made of a
Bose-Einstein condensate [7]. From a theoretical point of
view, a condensate is a very simple system, a nearly ideal
quantum gas or irrotational fluid [7] that allows studies of
fundamental effects without many complications from mate-
rial details. From a practical perspective, the momentum
transfer of light in condensates is important in high-precision
atom interferometry [6].

Here we deduce the energy-momentum balance in such
quantum dielectrics from geometric principles that do not
depend much on microscopic details. We find that, in the
nonrelativistic limit, for a condensate with number density 0,
phase S, electric permittivity & and magnetic permeability u
the total momentum density is

g=0hiVS+D XB. (1)

This result shows that the Minkowski momentum is im-
printed into the phase of the quantum dielectric, in agree-
ment with the experiment [6]. However, we can also express
the total momentum density in the Abraham form

EXH

g=eomu+ 5, (2)
where m is the atomic mass, defining the quantity
1 I1YEXB
u=—{ﬁVS+(s——) ] (3)
m w/oe

and using the constitutive equations of the electromagnetic
field in a medium at rest,

2
D=¢gycE, H= ﬁB. 4)
o

The important point of this simple exercise in reexpressing g
is the physical meaning of u: For dielectric media, u de-

1050-2947/2006/73(3)/032108(5)/$23.00

032108-1

PACS number(s): 03.30.+p, 03.50.De, 03.75.Dg, 04.20.Fy

scribes the flow velocity. The mechanical momentum mu
differs from the canonical momentum AV S by the Rontgen
term (e—1/w)E X B/ that, for neutral atoms, plays the role
of the vector potential for charged particles [8].

The Rontgen interaction [8] stems from the behavior of
the moving atomic dipoles that constitute the medium: When
set in motion induced electric dipoles perceive mixtures of
electric and magnetic fields, according to the Lorentz trans-
formations of the fields [9], and the same applies to magnetic
dipoles. The Rontgen interaction [8] is most easily deduced
from the Lagrangian of a classical induced dipole

m o o
L="u+ 7‘515’2 + EBCZB’Z, (5)

where ay and ap denote the electric and magnetic polariz-
abilities. The electromagnetic field interacts with the moving
dipole in the locally comoving frame, indicated by primes,
where the dipole is at rest. In lowest order, we obtain from
the Lorentz transformations [9], E'=E+uXB, B’'=B-u
X E/c? the canonical momentum

p=%=mu—(aE+aB)(E><B). (6)

For a medium with dipole density @, the electric and mag-
netic polarizabilities give rise to the electric permittivity and
magnetic permeability
s=1+%g, M=1—%Q. (7)
€0 €0
For a quantum dielectric, the canonical momentum corre-
sponds to the phase gradient, which gives Eq. (3).

Formulas (1)—(3) illustrate the ambivalent nature of the
electromagnetic momentum in media: Variations of the
Minkowski momentum are imprinted onto the phase,
whereas the Abraham momentum drives the flow of the
quantum dielectric. Flow and phase gradient differ by the
Rontgen term. Consequently, the Rontgen interaction [8] ap-
pears to be at the heart of the Abraham-Minkowski contro-
versy [4].

In this paper, we deduce and generalize the relationships
(1)—(3) in a relativistically covariant form. For our analysis
we borrow ideas from general relativity [10] that have their
historic precursors in Fermat’s Principle in geometric optics
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[11]: Light rays take the shortest optical paths in a medium,
regardless how curved are their trajectories. In terms of gen-
eral relativity [10], the rays follow geodesic lines with re-
spect to a metric that is proportional to the refractive index.
In general, the electromagnetic field perceives isotropic, non-
dispersive and possibly moving media as effective space-
time geometries [12,13]. On the other hand, in atom optics
the roles of light and matter are often reversed: Light acts as
a medium for matter waves. It is therefore natural to postu-
late [13] that quantum dielectrics perceive the electromag-
netic field as an effective space-time geometry as well. This
approach turned out to be completely consistent with Max-
well’s equations [13], which justifies the idea. However, our
previous calculation of the energy-momentum tensor was in-
direct, flawed [14], and gave the wrong energy-momentum
tensor of the dielectric matter. Here we calculate the energy-
momentum balance directly and show how the Minkowski
and Abraham forms are related to each other, considering the
dynamics of the medium. In Sec. II we summarize the es-
sence of the geometric approach to quantum dielectrics. Sec-
tion III deduces the Minkowski form of the energy-
momentum balance, both proving and generalizing the result
(1) in the nonrelativistic limit. Section IV casts the total
energy-momentum tensor in Abraham form, expressing the
general connection between the two forms.

II. GEOMETRIC APPROACH

For simplicity, we entirely focus on the dielectric interac-
tion of the atomic condensate with the electromagnetic field.
The collisional contact interaction of the atoms and any ex-
ternal potentials can be easily included as additional terms in
the energy-momentum balance and hence they are not con-
sidered here. We use the relativistic notation of Ref. [13]
with Greek indices referring to the space-time coordinates
x%, but we restrict ourselves to Cartesian coordinates in flat
Minkowski space-time with metric tensor g,z=diag(l,-1,
—1,-1). Partial derivatives with respect to the coordinates x*
are denoted by d,. Throughout this paper we employ Ein-
stein’s summation convention over repeated indices. The
electromagnetic field is described by the antisymmetric field-
strength tensor F,z in ST units [13].

We require that the quantum dielectric perceives the elec-
tromagnetic field as an effective space-time geometry with
the atomic metric tensor g’ 5 that is relativistically covariant.
In locally comoving Galilean coordinates gﬁﬁ contains the
dipole potentials of the atoms, —(az/2)E? and —(ay/2)c>B>.
Consequently, g’;ﬁ must be quadratic in the field strengths.
This, combined with general covariance, leads to the only
option [13]

813,3= (1 _a‘CF)gaB_ngﬁ’ (®)

where L denotes the free-field Lagrangian density [10] and
Tiﬁ the free-energy-momentum tensor [10],

&
KF:—ZOFQBF&/:B’
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Tzﬁ = SOFaa’ga P Fﬁ’ﬁ_ ‘CFgaB' (9)

We consider the condensate in the hydrodynamic limit [7]
subject to the standard Lagrangian density

2 2

Ly=\- 8A|‘/f|2(ﬁ_ggﬁ((9a5)(aﬁs) - £> (10)
2m 2

Here g, is the determinant and gf{B the inverse of the metric

tensor g g The coefficients a and b in gﬁﬁ are obtained from

considering the nonrelativistic limit of the atomic Lagrangian

density (10). They turn out to be related to the electric and

magnetic polarizabilities ay and ay as [13]

ap— dp ap+ ap
a= % g, 2T (11)
gEgmc Egmc

The Euler-Lagrange equations give the Hamilton-Jacobi
equation

2.2

mc
85(028)(98) = =5~ (12)
and the equation of continuity
JIa\— galth’g5P0pS = 0. (13)
Consider the four vectors
h (@) _ yaB
Wo=""0,5, w=g"wg. (14)
mc

If g% were the true space-time metric in which the medium
moves w'® would be the four velocity of the dielectric, be-
cause it enters as a four velocity in the equation of continuity
(13) and is normalized to unity with respect to the metric (8).
We obtain from the Hamilton-Jacobi Eq. (12) the geodesic
equation

1
w @ w, = Ew(“)w(ﬁ)ﬂyggﬁ (15)

that plays the role of the Euler equation of the dielectric fluid
[15]. However, the true four-velocity u® differs from w(® by
the norm of w'® with respect to the metric 8apr

. wl@
u= R
\

w= \"gaﬁw<”)w(ﬁ). (16)

In a realistic dielectric, the norm w of the quasifour-velocity
w(® is nearly unity, up to corrections in the order of the
electromagnetic field energy divided by mc? [13]. Note that
such corrections matter in expressions that contain the total
energy including the rest energy. The equations of continuity
imply that the atom-number density @ is not |2, but

0=\~ gawlyf. (17)

In the nonrelativistic limit, Eq. (16) reduces to the relation-
ship (3) between the three-dimensional velocity u and the
gradient of the phase S including the Rontgen term. In other
words, the difference between co- and contravariant velocity
vectors in the effective geometry (8) accounts for the Ront-
gen interaction [8].
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Finally, we note that our geometric approach is justified
[13], because the total Lagrangian density £4+ Ly that gen-
erates the equations of motion (12) and (13) also generates
Maxwell’s equations

H®=0. (18)

Here H* contains the electromagnetic D and H fields in SI
units [13] with the constitutive equations

80 ’ '
HB = ;g;ﬁa P Fo g (19)

expressed in terms of Gordon’s metric [12,13]
i = g + (e~ Duu® (20)

with the local four-velocity (16) and the electric permittivity
€ and magnetic permeability u

a+ > ap
e=1+ mcwe=1+—wp,
€0
1 a-b «
—=1+ mc*wo =1 ——BWQ, (21)
M 2 2N

that are consistent with the polarizabilities (7) in the realistic
case where w approaches unity. Equations (19) and (20) cor-
respond to the constitutive Egs. (4) in locally comoving
frames. Light and matter perceive each other as effective
space-time geometries where Gordon’s metric (20) character-
izes the geometry seen by the electromagnetic field and the
atomic metric (8) describes the effective geometry of the
quantum dielectric.

III. MINKOWSKI TENSOR

In order to find the energy-momentum tensor for the di-
electric, consider the tensor that would represent the energy
momentum of the dielectric matter if the effective metric g¢?
describes the true space-time geometry

0% = mc?|yYPw' 9w, (22)

We obtain from the equations of motion (13) and (15)

2
M o ’,—mc
&a\/’_ gAV =\N- gAT|¢|2W(a)W(ﬂ)‘9Vg‘25

,’_1 a ’ A
= V=245 0588 0,80, (23)

which corresponds to a conservation law in a curved space-
time geometry [10] where the right-hand side accounts for
the inertial forces. In our case, these are the forces that light
exerts on the dielectric medium.

In the following we show that the dielectric forces stem
from the Minkowski energy-momentum tensor of the elec-
tromagnetic field [2]. The Minkowski tensor is defined as

[13]
! 1 a’ !
Tlc\l/lkvzHaa Fa/V+ZH ﬁFa’B’6g~ (24)

We obtain from Maxwell’s Egs. (18)
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1
0aTrey=HP0,F g, + ZaVH“ﬁFaB. (25)

We apply the Bianchi identity [10] of the field-strength ten-
sor

IF o+ 0oF g, + IgF 0 =0, (26)
that implies

HP(20,F g, + 9,F ) = 0. (27)

We use Gordon’s metric form of the constitutive Eqgs. (19)
and (21) for € and u to obtain

1 €p aa’ ’
aaTI(\X/lkv= ZFO/’B’FLYB&V;gF ggﬁ

€p 1 ’ ' 1
=—F,gF,z0 (8 - —)g““ wPuP - Lrd,—
2 a' B apYy w VM

& ’ ’ 1
= Eomcsza/B,Faﬁg““ awouPuP - Lpo,—
)

me? 5.5 1
=—Tb(T;ﬁ,+£Fg,BBr)c9VWQu u _EFaVl_L.
(28)
We use the relation
1 2 ,
d,— = %(a - b)gﬁﬁ;&,,wgu'gu'g (29)
"

and the definition (8) of g‘zﬁ to arrive at the expressions

me a, B
aaTlt\y/IkV= T(gaﬁ_gaﬁ)ﬁVWQu u

mc2

=- nguauﬁﬁ,,gﬁﬁ +d,p. (30)
Here p denotes the dielectric pressure [13]
2
me
p= T(gﬁg — gap)wouuP. (31)

Using the definition (8) of g/:;ﬁ and Egs. (19)—(21) one can
express the pressure p in terms of the electromagnetic fields

[13]
1 af af3
p= ZFa,B(H - gF*F), (32)

where in the nonrelativistic limit p approaches the total di-
pole potential —(0/2)(azE*+ agc?*B?). Using the definition
(22) of O3 and the quasiconservation law (23) we obtain

&DzTIO\(/Ikvz_ aaV_gAG)yoj"' ﬁvp- (33)

This genuine conservation law suggests that the total energy-
momentum tensor 7, of light and matter is

TS = \= g\ @%+ Ty, — p&2 (34)

that contains the Minkowski tensor (24) as a major building
block. We use Egs. (14), (16), (17), (22), and (32) to arrive at
the expression
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’ & !t

T% = 0h(3,S)cu® + H* F 1, + ZOFMB,F“ B &% (35)

The components 7] with [ e {1,2,3} constitute the momen-
tum density g. We obtain

g=0u’AVS+DXB, (36)

which agrees with Eq. (1), apart from the factor of u’=(1

—u?/c*)~"? that approaches unity in the nonrelativistic limit.

IV. ABRAHAM TENSOR

Formulas (1)—(3) illustrate the ambiguity of the electro-
magnetic momentum in media and the connection between
the Abraham and Minkowski momenta. We expect that the
fully relativistic Abraham and Minkowski tensors are con-
nected in a similar way. In order to show this, consider the
contravariant tensor

— — ’ — !
V=240 == 405,8" = \= gume?|YPwuuPey, 8"
= mczgwgzv,g’””u“u'g. (37)

According to definition (8) of the atomic metric, chngzy,

depends on the free-field Lagrangian and the free-energy-
momentum tensor (9) with the coefficients a and b that we
express in terms (21) of the permittivity & and the permeabil-
ity u. In addition, we use

2 2 1
2—_ ‘CF:ZP__EF__FO(BHQB
M M 2

1 ! ’
=2p- (8 - _)80Faa’F,BB’ua uP g8, (38)
M
and obtain the result
V=840 =[(mc*wo + 2p)u” — (s — 1)Q"u®.  (39)
Here )" abbreviates
& ’ ’ ’
O'= _O(MVFaaIFBB/ua MB gaﬁ+ FB/BFVB MB)
Mm

€p ’ ’ ’
= ;Faa/u“ (uvgaygﬁﬁ F,yﬁrlztﬂ+ gVV gayFV/,y)

€p ’ ’ ’
= ;Faa’ua (uvg;“lyggﬁ Fyﬁ’uﬂ+ g?} ggyFV’y)

= Fm,u“’(u”H“'Bulg + H")

=Faaru“/uB(H“Bu”+HB"u“+H"“uﬂ) (40)

that is known as Abraham’s Ruhstrahl [3]. Finally, we ex-
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press the pressure (31) in terms of the norm w using the
Hamilton-Jacobi Eq. (12)

2
1
p=mcg(——w>, 1)
2 %
invert this relationship
mc?wo = \m*c*0? + p* — p = mc*o - p, (42)

and arrive at the representation
J—
V=840 =[(mc*Q + pJu” — (e = DT (43)

In this way we obtain for the total energy-momentum tensor
(34) the expression

TP = T35 + (mc?Q + p)u“uP — pg™# (44)

that describes the energy-momentum balance between a fluid
[15] under the dielectric pressure p and the electromagnetic
field in terms of the Abraham tensor [3,13]

T =T _ (e — 1)u*QP. (45)

V. CONCLUSIONS

We derived two different forms of the energy-momentum
balance in quantum dielectrics: The total energy-momentum
tensor can be divided into the Minkowski tensor (24) and the
pseudoenergy-momentum tensor @ of the dielectric, apart
from a pressure term, or, alternatively, into the Abraham ten-
sor (45) and the energy momentum of a fluid under the di-
electric pressure (31). The momentum components of ©f
depend on the phase of the quantum dielectric, whereas the
velocity u enters the fluid-mechanical component of the total
energy-momentum tensor. Due to the Rontgen interaction in
dielectric media [8] the momentum derived from the gradient
of the phase differs from the mechanical momentum mu, a
difference that is usually small and often negligible, whereas
the Abraham and Minkowski momenta differ by the refrac-
tive index squared. We thus arrive at the remarkable conclu-
sion that the Abraham-Minkowski controversy [4] has its
root in the Rontgen interaction [8].

ACKNOWLEDGMENTS

I thank Stephen Barnett, Iwo Bialynicki-Birula, Julian
Henn, Rodney Loudon, Ralf Schiitzhold, Thomas Seligman,
Ilya Vadeiko, and Valeri Yakovlev for illuminating conversa-
tions on the momentum of light in media. This paper was
supported by the Leverhulme Trust, the Alexander von Hum-
boldt Foundation, and the Centro Internacional de Ciencias
in Cuernavaca.

032108-4



ENERGY-MOMENTUM BALANCE IN QUANTUM DIELECTRICS

[1] R. Peierls, More Surprises in Theoretical Physics (Princeton
University Press, Princeton, 1991).

[2] H. Minkowski, Nachr. Ges. Wiss. Goettingen, Math.-Phys. KI.
53 (1908).

[3] M. Abraham, Rend. Circ. Mat. Palermo 28, 1 (1909); 30, 33
(1910).

[4] See, e.g., Ref. [1] and 1. Brevik, Phys. Rep. 52, 133 (1979); D.
F. Nelson, Phys. Rev. A 44, 3985 (1991); J. C. Garrison and R.
Y. Chiao, ibid. 70, 053826 (2004).

[5] R. V. Jones, Nature (London) 167, 439 (1951); 171, 1089
(1953); R. V. Jones and R. S. C. Richards, Proc. R. Soc. Lon-
don, Ser. A 221, 480 (1953); R. V. Jones and B. Leslie, ibid.
360, 147 (1978); G. M. Graham and D. G. Laboz, Nature
(London) 285, 154 (1980); A. Ashkin and J. M. Dziedzic,
Phys. Rev. Lett. 30, 139 (1973). However, the results of the
latter experiment seem to be obscured by other effects, see R.
Loudon, J. Mod. Opt. 49, 821 (2002).

[6] G. K. Campbell, A. E. Leanhardt, J. Mun, M. Boyd, E. W.
Streed, W. Ketterle, and D. E. Pritchard, Phys. Rev. Lett. 94,
170403 (2005).

[7] L. P. Pitaevskii and S. Stringari, Bose Einstein Condensation
(Clarendon Press, Oxford, 2003).

[8] W. C. Rontgen, Ann. Phys. Chem. 35, 264 (1888); M.
Babiker, E. A. Power, and T. Thirunamachandran, Proc. R.
Soc. London, Ser. A 332, 187 (1973); M. Babiker, J. Phys. B

PHYSICAL REVIEW A 73, 032108 (2006)

17, 4877 (1984); C. Baxter, M. Babiker, and R. Loudon, Phys.
Rev. A 47, 1278 (1993); V. E. Lembessis, M. Babiker, C.
Baxter, and R. Loudon, ibid. 48, 1594 (1993); M. Wilkens,
ibid. 47, 671 (1993); 49, 570 (1994); U. Leonhardt and P.
Piwnicki, Phys. Rev. Lett. 82, 2426 (1999); C. R. Bennett, L.
G. Boussiakou, and M. Babiker, Phys. Rev. A 64, 061602(R)
(2001); L. G. Boussiakou, C. R. Bennett, and M. Babiker,
Phys. Rev. Lett. 89, 123001 (2002); J. D. Cresser and S. M.
Barnett, J. Phys. B 36, 1755 (2003); S. A. R. Horsley and M.
Babiker, Phys. Rev. Lett. 95, 010405 (2005).

[9] L. D. Landau and E. M. Lifshitz, Electrodynamics of Continu-
ous Media (Pergamon, Oxford, 1988).

[10] L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields (Pergamon, Oxford, 1975).

[11] M. Born and E. Wolf, Principles of Optics (Cambridge Uni-
versity Press, Cambridge, 1999).

[12] W. Gordon, Ann. Phys. 72, 421 (1923).

[13] U. Leonhardt, Phys. Rev. A 62, 012111 (2000).

[14] The calculation of the energy-momentum tensor in Ref. [13]
relied on the variation of the total Lagrangian of light and
dielectric matter with respect to the background metric. As an
intermediate step, a result by Gordon [12] for media with fixed
dielectric properties was wrongly applied.

[15] L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Pergamon,
Oxford, 1982).

032108-5



