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We show how to simulate a toy model of electrodynamics in (1 + 1) dimensions and describe
several numerical experiments. The toy model is much simpler than ordinary electrodynamics,

but shares many of the same physical features.

For example, there are analogs to the electric

and magnetic fields, and these fields generate forces between charged particles and support freely
propagating radiation. Unlike electrodynamics, however, the toy model is not Lorentz invariant,
gives an attractive force between charges of the same sign, and yields a radiation reaction force that

depends on the particle velocity.

I. INTRODUCTION

The theory of radiation in classical electrodynamics
is mathematically complicated and conceptually subtle.
For example, it requires a lengthy calculation to find the
retarded electric and magnetic fields of a charged particle
in arbitrary motion, and problems such as radiation reac-
tion touch on deep foundational issues. The combination
of mathematical and conceptual obstacles can make the
subject difficult for the beginning student to understand.

To help overcome these obstacles we show how a broad
range of radiative phenomena can be illustrated by per-
forming computer simulations of a toy model of electro-
dynamics in (1+1) dimensions.! The toy model is a useful
pedagogical tool, because it is much simpler than ordi-
nary electrodynamics but shares many of the same phys-
ical features. For example, there are analogs to the elec-
tric and magnetic fields, and these fields generate forces
between charged particles and support freely propagat-
ing radiation. The toy model is particularly well suited to
illustrating radiative phenomena, and can be used to in-
troduce concepts such as retarded fields, radiation damp-
ing, and scattering. By performing simulations of the toy
model, students can see how these concepts operate in a
simplified setting.? The paper is intended to supplement
a discussion of radiation in an undergraduate or graduate
level electrodynamics class, and should be accessible to
advanced undergraduates.

The paper is organized as follows. In Sec. IT we de-
scribe the toy model and show how it is related to ordi-
nary electrodynamics. In Sec. III we discretize the model
so it can be simulated on a computer. In Sec. IV we de-
scribe four numerical experiments that can be performed
using the simulation. In Sec. V we discuss several ad-
vanced topics pertaining to spatially extended charged
particles.

II. TOY MODEL OF ELECTRODYNAMICS

The toy model that we will consider describes a point
particle in (1 + 1) dimensions that obeys Newtonian dy-
namics and is coupled to a pair of fields E(z,t) and

B(z,t).> The equations of motion for these fields are?

6tE($at) = 0mB($:t)a (1)
0:B(z,t) = 0. E(x,t) — 2p(x,1), (2)

where p(z,t) is the charge density. We will assume that
the charge density has the form

ple,t) = gz — 2(t)), (3)

where 2(t) is the position of the particle at time ¢ and g
is its charge. The equation of motion for the particle is

mi = Fox, + Fy, (4)

where m is the mass of the particle, Feyy is an externally
imposed force, and

Fy(t) = =29 E(2(1), ) ()

is the force that the E-field exerts on the particle. Equa-
tions (1)—(5) give a complete description of the model. It
is possible to derive Egs. (1)—(5) from more fundamental
principles,® but here we will take them as given. Each
equation has a analog in ordinary electrodynamics; for
example, Egs. (1) and (2) are analogous to Maxwell’s
equations, and Eq. (5) is analogous to the Lorentz force
law.5 Also, the E and B fields are analogous to the elec-
tric and magnetic fields.

We can think of the E and B fields as each consisting
of two components: one that is generated by the particle,
and one that describes any freely propagating radiation
that is present. It is useful to decompose the E and B
fields so as to separate these components:

B(z,t) = B.(z,t) + Bin(z,1), (7

where E,(z,t) and B,(z,t) describe the retarded fields
generated by the particle, and Ei,(z,t) and Bi,(z,t) de-
scribe incoming radiation.® For events that do not lie on
the worldline of the particle (that is, events (z,t) such
that = # z(t)), the retarded fields are given by”®

ge(@ — z(tr))
1—v(t,) ez — 2(tr))’
_ gu(tr) (@ — z(tr))
1—v(ty)elz — 2(tr))

Ep(z,t) = (8)

B,(z,t) =

9)



Here z(t,) and v(t,) are the position and velocity of the
particle at the retarded time ¢,(x,t), which is defined
implicitly by ¢, = t — |z — 2(¢,)|. For events that lie on
the worldline of the particle (that is, events (z,t) such
that z = 2(t)), the retarded fields are given by

E,(2(t),t) = go(t) (1 = v*(1) ™, (10)
B,(2(t),t) = —gv*(t) (1 —v*(t)) " (11)

The retarded fields satisfy the equations of motion
O E(x,t) = 0;Br(z,1), (12)
OB (x,t) = 0z E-(x,t) — 2p(x, 1), (13)

so from Egs. (1), (2), (6), and (7) it follows that the
in-fields satisfy the equations of motion

6tEin($L',t) = 6mBin($7t); (14)
6tBin(x7t) = 81:Ein(x7t)' (15)

Equations (14) and (15) imply that the in-fields satisfy
the wave equation, and therefore describe freely propa-
gating radiation:

(07 = 07) Bin(,t) = (8} — ;) Bin(2,8) = 0. (16)

As an example, consider a stationary particle at po-
sition z9. From Eqs. (8) and (9) we find that the re-
tarded fields are E,.(z,t) = ge(z — 20) and B,(z,t) = 0.
These are just the static fields of the stationary charge,
and are analogous to the Coulomb fields E(7,t) = ef/r2,
B (7,t) = 0 of a stationary point charge in ordinary elec-
trodynamics.

If we use the decomposition of the E-field given in
Eq. (6), we can express the force law in Eq. (5) as Fy =
F;, + F,., where

Fin(t) = —29 Ein(2(t), 1) (17)

is the force exerted on the particle by the incoming radi-
ation, and

Fr(t) = _29 Er(z(t)at) (18)

is the force exerted on the particle by its own retarded
field. If we substitute for E,(z(t),t) using Eq. (10) and
define a damping constant v = 2¢%/m, we find that

F. = —myz(1 - 2*)71. (19)

The force F). is analogous to the radiation reaction force
of ordinary electrodynamics. In the toy model a mov-
ing particle radiates, and F,. describes the force that the
emitted radiation exerts back on the particle.® By using
Eq. (19) we can express the equation of motion (4) in the
form

mz +myz(1 — 2*)7! = Foxt + Fn. (20)

Note that by replacing Egs. (1), (2), and (4) with
Egs. (14), (15), and (20), we have eliminated the retarded
fields from our description of the system.

We will often work in the limit in which the speed of
the particle is much less than the speed at which waves
are propagated by the field (|2| < 1). In this limit the
equation of motion reduces to

mz 4+ myz = Fexy + Fin. (21)

So far we have considered a single particle, but it is
straightforward to generalize the model to multiple par-
ticles. We find that charges of the same sign attract. To
see why, consider two particles with charges g; and g»
and positions z; and z2. The static E-field generated
by particle one is Ei(z,t) = g1 €(x — z1), and the force
exerted on particle two is

F2 = —292 El(ZQ,t) = —29192 6(22 - 21). (22)

There are several important differences between the
toy model and ordinary electrodynamics.!® One differ-
ence is that in ordinary electrodynamics charges of the
same sign feel a repulsive force, but in the toy model they
feel an attractive force. Another difference is that ordi-
nary electrodynamics is Lorentz invariant, whereas the
toy model is neither Galilean nor Lorentz invariant.!!
Also in ordinary electrodynamics the radiation reaction
force is proportional to the time derivative of the accel-
eration, whereas in the toy model it depends on the ve-
locity. These differences are intrinsic to the model we are
considering, which was constructed to illustrate radiative
phenomena. In Appendix A we describe electrodynamics
in (141) dimensions; this theory is Lorentz invariant and
gives a repulsive force between like charges, but does not
exhibit radiation.

Despite these differences, the toy model shares much
of the conceptual structure of ordinary electrodynamics.
As we have shown, there are direct analogs to the elec-
tric and magnetic fields, Maxwell’s equations, and the
Lorentz force law. We also have shown that the coupling
of the particle to the E and B fields allows it to emit
radiation, and we have derived analogs to the retarded
fields and to the radiation reaction force. As we shall see,
these features allow us to use the toy model to illustrate
a broad range of radiative phenomena.

III. NUMERICAL SIMULATION

To simulate the toy model we will make three modifi-
cations to the theory presented in Sec. II: we will express
the theory in terms of a scalar potential, generalize the
theory to the case of a spatially extended particle, and
discretize the theory so that it can be described using a
finite number of degrees of freedom.

In ordinary electrodynamics the two homogeneous
Maxwell equations imply that we can express the elec-
tric and magnetic fields as derivatives of a vector poten-
tial A#(7,t). Similarly, in the toy model Eq. (1) implies
that we can express the F and B fields as derivatives of
a scalar potential ¢(z,t):

E(x,t) = 0,¢(x,t), B(z,t) = 0ip(x,t). (23)



We can use Eq. (2) to express the equations of motion
for the field variables ¢(z,t) and B(z,t) as

Op(z,t) = B(x,t), (24)
3 B(z,t) = 03¢(z,t) — 2p(, ). (25)

We can express the force law as

Ff (t) =—2 8z¢(1"1t) |a1=z(t) . (26)

Before we can discretize the toy model, we must first
generalize it to the case of a spatially extended particle.
We replace the charge density given by Eq. (3) with

p(l’,t) zgf(a:—z(t)), (27)

where the function f(x) describes the charge distribution
of the particle, which is taken to be rigid. In what follows
we will assume that f(z) is a gaussian:

f(@) = 2no?) 12 e /2, (28)

where o characterizes the particle size. We also need to
modify the force law given by Eq. (5). For an extended
particle the force law is

Fy(t) = -2 / o(3,1) Bz, 1) da. (29)

For f(z) = d(z) Eq. (29) reduces to the force law for a
point particle given by Eq. (5). We substitute for E(x, 1)
and p(z,t) using Eqgs. (23) and (27) and then integrate
by parts to find that

Fy(t) = 29 / b, t) 'z — 2(t)) dz,  (30)

where f'(z) = df (x)/dz = —(z/0?) f(x). From Egs. (4)
and (30) it follows that the equation of motion for an
extended particle is

m3 = Foug + 2 / b, 8) f'(z — 2(t))dz. (31

To discretize the toy model we introduce a spatial lat-
tice and transfer the continuum theory to the lattice by
making a series of replacements. We label the lattice
sites by an integer n, denote the distance between adja-
cent sites by a, and define a frequency wrp = 1/a. We
replace the spatial coordinate x by an, and replace inte-
grals over x with sums over n. We define a lattice scalar
potential ¢, (t) by ¢(z,t) = ap,(t), lattice fields E,, (t)
and B, (t) by E(z,t) = E,(t) and B(z,t) — B,(t), and
a lattice charge density p,(t) by

p(z;t) = pn(t) = gf (an — z(t)). (32)
The spatial derivatives of ¢(x,t) are replaced as follows:
6z¢(m7 t) - (¢n+1(t) - ¢nfl(t))/27 (33)

03¢(2,1) = (bn+1(t) = 205(t) + n_1(t))/a.  (34)

After making these replacements, we find that F, () and
B,,(t) are given by

En(t) = (1/2)(¢pn41(t) — dn-1(t)), (35)
Bn(t) = apn(t). (36)

The equations of motion (24) and (25) for ¢(x,t) and
B(x,t) become

Bn = WF (¢n+1 - 2¢n + (an—l) - 2pna (38)

and the particle equation of motion (31) becomes

mZ = Fexy, + 290 Z én f'(an — 2). (39)

Equations (32) and (37)—(39) define the discretized
version of the toy model and approximate the contin-
uum theory of a point particle presented in Sec. II. The
approximation is justified if the particle size o is large
compared to the lattice spacing a, but small enough that
the particle can still be treated as pointlike. In Sec. V we
describe quantitatively the conditions that o must satisfy
for the point particle approximation to apply. For now
we note that for the numerical experiments presented in
Sec. IV we choose ¢ such that these conditions are met.

A. Example solutions

We now consider some example solutions to the dis-
cretized version of the toy model. From Egs. (37) and
(38) we find that

bn = Wi (Pnt1 — 200 + Gn_1) — 2wrpn.  (40)

Let us first consider the solutions to Eq. (40) when no
charge is present (p, = 0). We can write the solutions in
the form

én(t) = (wr/w) Re[A eitkan—wt)] (41)

where k is an arbitrary real number, A is an arbitrary
complex number, and

w = 2wr|sin(ka/2)|. (42)

These solutions describe monochromatic waves with wave
vector £ and frequency w.

From now on we will only consider waves for which
the wavelength is long compared to the lattice spacing
(|ka| < 1). For such waves Eq. (42) reduces to w ~ |k,
which is the correct dispersion law for the continuum the-
ory. In the long-wavelength limit the fields corresponding
to ¢n(t) are

Bn(t) = Im[A kom0, (43)
En(t) = —€(k) Bn(1). (44)
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FIG. 1: Static E and B fields for a stationary particle.

We can also solve Eq. (40) for the static potential gen-
erated by a time-independent charge distribution p,:

¢n=a2|n—r|pr. (45)

Equation (45) is useful for obtaining initial conditions.
To integrate the equations of motion for the coupled
particle-field system we need initial conditions for ¢,, and
B,,. We will often take these to be the static potential
and B-field of a stationary particle at the origin:

$n(0)=ga) |n—r|f(ar), Bn(0)=0.  (46)

The static field E,(0) can be obtained from ¢,(0) by
using Eq. (35). In Fig. 1 we plot the static fields for a
particle of size ¢ = 5, where we have chosen a system of
units such that g =a = 1.

B. Boundary conditions

To simulate the discretized theory on a computer we
will restrict the theory to a finite lattice and impose
boundary conditions on the terminal lattice sites so that
outgoing radiation is absorbed. We will assume that the
lattice index n ranges from —R to R, so the total num-
ber of lattice sites is N = 2R + 1. If the lattice extended
beyond site R, the equation of motion for Bg would be
given by Eq. (38):

Br = wr(pri1 — 268 + bR 1), (47)

where we have assumed that the particle is far away from
the edge of the lattice, so pgr = 0. If we replace Eq. (47)
with an equation of motion that gives the same time evo-
lution for Bg, but which does not contain the variable
¢r+1, then waves incident on site R will be absorbed.
We can obtain such an equation as follows.

Let us assume that the radiation incident on site R
takes the form of a right-moving monochromatic wave.
If no charge is present, then Eqs. (35) and (44) imply
that

Er = (1/2)(#r+1 — ¢r-1) = —Bg. (48)

If we now assume that there is a total quantity of charge
g, then this result must be modified to take into account
the static fields of the charge. The static fields at site R
are given by Er = g and Br = 0, so we replace Eq. (48)
with

(1/2)(¢r+1 — ¢r-1) — 9 = —Br. (49)

From Eq. (49) it follows that ¢gry1 = ¢r—1 +2(9 — Bg).
We substitute this relation into Eq. (47) and find that

Br = 2wp(¢r-1 — ¢r — Br + 9)- (50)

We can derive an analogous equation of motion for B_g:

B_p=2wp(¢_ry1 —¢-r—B_p+g). (51)

To describe scattering phenomena it is useful to have
boundary conditions that absorb outgoing radiation and
produce incoming radiation. To produce a right-moving
wave with amplitude A and frequency w that originates
from the leftmost lattice site —R, we replace Eq. (51)
with

B g = 2wp(p-ri1—¢-r—B r+g)+
4wp Im[A e~ @R+, (52)

It is straightforward to verify that Eq. (52) produces a
wave with the desired properties by substituting for ¢,
and B,, using Egs. (41) and (43). Note that if we take the
initial conditions for ¢, and B, to be the static fields of a
stationary charge and use Eqgs. (50) and (52) to define the
boundary conditions, we can simulate a system in which
the in-fields describe incoming radiation that approaches
the particle from the left.

IV. NUMERICAL EXPERIMENTS

We now will use the discretized model to perform a
series of numerical experiments that simulate the time
evolution of the coupled particle-field system. For each
experiment we first choose initial conditions for the vari-
ables z, v, ¢, and B,,. We then evolve the system by nu-
merically integrating the equations of motion (37)-(39),
(50), and (51).'2 We choose a system of units such that
g =a =1, and set ¢ = 5. Unless otherwise noted, we
assume that the particle moves slowly compared to the
speed of wave propagation (|2 < 1).

A. Harmonically bound particle

Let us first consider a harmonically bound particle.!?
The external force is Fyyy = —mwiz, where wy is the har-
monic frequency. We assume that for ¢ < 0 the particle
is at rest at the origin. Also, we assume that there is
no incoming radiation (Ei, = Bin = 0), so for ¢ < 0 the



E and B fields are just the static fields of the station-
ary particle. At t = 0 the particle is given an impulsive
momentum kick dp, and we would like to calculate the
subsequent evolution of the system.

The equation of motion of the particle is given by sub-
stituting for Fey in Eq. (21):

5492+ wiz=0. (53)

At t = 0, immediately after the momentum kick has
been applied, the position and velocity of the particle
are z(0) = 0 and v(0) = v, where vy = dp/m. We solve
Eq. (53) for these initial conditions and obtain

2(t) = (vo/wo) e~ "? sinwot, (54)

v(t) = vg e "2 coswot, (55)

where for simplicity we have assumed that v < wy. We
can substitute Eqs. (54) and (55) into Eqgs. (8) and (9)
to calculate the retarded fields E,(z,t) and B.(z,t). Be-
cause there is no incoming radiation, Egs. (6) and (7)
imply that the total fields are given by E(x,t) = E.(z,1t)
and B(z,t) = By(z,1).

Let us now consider a numerical simulation of this pro-
cess. The initial conditions for the scalar potential and
the B-field are given by Eq. (46), and the initial condi-
tions for the particle position and velocity are z(0) = 0
and v(0) = vo. In Fig. 2(a) we plot the particle velocity
as a function of time, and in Figs. 2(b) and 2(c) we plot
the E and B fields at time ¢t = 420 and t = 4 x 10°;
for comparison the fields at time ¢ = 0 are plotted in
Fig. 1.15 For these simulations m = 2 x 103, wy = 0.02,
and vg = 0.3. As expected, the particle oscillates about
the origin, and the oscillations are damped due to the
emission of radiation that propagates outward to the left
and right.

B. Braking radiation

We now consider a free particle (Fext = 0). As before,
we will assume that there is no incoming radiation (Ei, =
B;, = 0), so the equation of motion is

F4ys=0. (56)

If we use the same initial conditions as in Sec. IV A, we
can solve Eq. (56) to obtain

2(t) = (vo/7)(1 —e™™),

We can substitute Eqgs. (57) into Egs. (8) and (9) to cal-
culate the retarded fields. As we discussed in Sec. II, in
the toy model a moving particle radiates, and the emitted
radiation gives rise to a drag force that damps the mo-
tion of the particle. We can view this effect as the analog
to braking radiation in ordinary electrodynamics. In the
latter the coupling of a charged particle to the radiation
field results in a damping force that causes the particle

v(t) =wvge 7. (57)
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FIG. 2: Harmonically bound particle. (a) Particle velocity v
versus time ¢. The points are from the simulation; the solid
line is the prediction given by Eq. (55). (b) E and B fields at
time ¢ = 420. (c) E and B fields at time ¢ = 4 x 10°.

to radiate when it accelerates.'® In the toy model the
analogous damping force is proportional to the velocity
of the particle, so a particle moving at a constant velocity
radiates.

Let us now consider a numerical simulation of this pro-
cess. In Fig. 3(a) we plot the particle velocity as a func-
tion of time, and in Fig. 3(b) we plot the E and B fields
at time ¢ = 420; for comparison, the fields at time ¢t = 0
are plotted in Fig. 1.17 For these simulations m = 500
and vy = 0.3. Note that the particle velocity is exponen-
tially damped, and the particle emits pulses of radiation
that propagate outward to the left and right.

C. Scattering

We again consider a harmonically bound particle, but
we now assume that there is an incoming wave:18

Ein(z,t) = —e(k)Bin(z,t) = Re[A e!7=«8] (58)
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FIG. 3: Free particle. (a) Particle velocity v versus time
t. The points are from the simulation; the solid line is the
prediction given by Eq. (57). (b) E and B fields at time
t = 420.

We assume that the wave is moving to the right, so k = w.
The equation of motion for the particle is

1
F+yit+wiz= EFin’ (59)

where Fj, is given by Eq. (17). We assume that the
displacement of the particle is much smaller than the
wavelength of the incoming wave (|kz| < 1), so we can
make the dipole approximation and express Fi,(t) as

Fin(t) = —2gRe[Ae ™). (60)

If we substitute Eq. (60) into Eq. (59) and solve for z(t),
we find that

2(t) = Im[(4/gw) f(8) e, (61)

where § = w — wg is the detuning of the wave from res-
onance and f(8) = (1 —i(2§/v)) . (For simplicity, we
have assumed that § < wp.) From Eq. (61) we find that
the velocity of the particle is'®

v(t) = —Re[(4/g) f(8)e~*"]. (62)

We can understand the physical meaning of f(9)
by calculating the fraction of the incident power that
is transmitted across the particle. We first calculate
the retarded E-field by substituting Eq. (62) for v(t)
into Eq. (8) for E,(z,t). In the dipole approximation
tr(z,t) = t—|z|, so E.(z,t) = Eg(x,t)+ Eraa(z,t), where

Ey(z,t) = ge(z — 2(t — |2])) (63)

1.0 4 T + T + T + T + T |
0.8+
0.6 A

0.4 1

0.2 1

0.0 F———

}
0
20/y

FIG. 4: Scattering from a harmonically bound particle. (a)
Dimensionless energy pr versus time ¢ for resonant driving
(6 = 0). (b) U, at time ¢ = 50 x 10® versus the dimensionless
detuning parameter 24 /. The points are from the simulation;
the solid line is the prediction given by Eq. (67).

describes the static field of the particle, and
Erad(z,t) = gu(t — |z]). (64)

describes the emitted radiation. The total E-field is given
by E = E,. + Ei,, so to the right of the particle

E(x,t) = Ey(x,t) + Re[A(1 — f())eFe—D].  (65)

Thus, the fraction of the incident power that is transmit-
ted across the particle is2°

p(d) = 1= FO)I* =1-[f(O). (66)

From Eq. (66) we see that we can interpret f(d) and
|£(0)|? as the scattering amplitude and cross section.?!

It is instructive to calculate the particle energy U,.
From Egs. (61) and (62) we find that

Up = (m/2)v* + (mwi[2)2* = 2I/7)|f )P, (67)

where I = |A|?/2 is the intensity of the incoming radia-
tion. Equation (67) implies that for resonant scattering
(0 = 0) the particle energy is U, = 2I /. We can under-
stand this result from a simple physical argument. The
energy decay rate of the particle is v, so the power radi-
ated by the particle is P = yU,, and by symmetry the
particle must radiate equal amounts of power to the left
and to the right.2? On resonance all of the incident power
is back-reflected by the particle, so the power radiated to
the left must equal the incident power I. Thus, P = 21,
so Up = 2I/~.



Let us now consider a numerical simulation of the scat-
tering process. We take the initial conditions of the par-
ticle to be z(0) = v(0) = 0, and take the initial con-
ditions for ¢, and B, to be the static fields given by
Eq. (46). To simulate the incoming wave we use the
boundary conditions given by Egs. (50) and (52). We
take m = 5 x 103, wy = 0.002, and A = 0.1. The par-
ticle starts out at rest at the origin, so initially U, = 0.
As the incoming radiation begins to drive the particle,
its energy increases and it starts to radiate. Eventually
U, reaches the steady-state value given in Eq. (67), at
which time the rate at which energy is delivered by the
incoming radiation balances the rate at which energy is
radiated by the particle. In Fig. 4(a) we plot the dimen-
sionless energy U, = (v/2I)U, versus time for the case
of resonant driving (§ = 0). As expected, the particle
gradually absorbs energy from the driving field until the
energy saturates at U, = 1. In Fig. 4(b) we vary the de-
tuning § of the incoming radiation, and plot Up at time
t = 50 x 10° versus 20/v. As expected, we observe the
Lorentzian response predicted by Eq. (67).

D. Two particles

We now consider an example with two particles. We
assume that both particles have mass m and charge g,
and that they are symmetrically displaced from the ori-
gin, so if the position of particle one is z, the position
of particle two is —z. Also, we assume that there is no
external force or incoming radiation, so Feyxy = Fi, = 0.
The equation of motion for particle one is

mE +myz(1 — 2)~' = =29 E,a(2(t), 1), (68)
where

ge(x + 2(tr2))
1+ v(ty) e(z + 2(tr2))

Epg(z,1) = (69)

is the retarded E-field generated by particle two. Here
tr2(x,t) is the retarded time of the event (z,t) for particle
two, which is defined implicitly by t.2 =t — |2 + 2(tp2)|-
Note that Eq. (68) is exact and does not rely on the low
velocity approximation.

We will assume that for ¢ < 0 the two particles are held
stationary at +zo and the E and B fields are just the
static fields of the stationary charges. At ¢t = 0 the par-
ticles are released and begin to move inward due to their
mutual attraction. We can calculate the evolution of the
system either by numerically integrating??® Eq. (68) or by
simulating the coupled particle-field system. In Fig. 5(a)
we plot the velocity of particle one as a function of time,
and in Figs. 5(b) and 5(c) we plot the E and B fields
at times t = 0 and ¢ = 8.5 x 10%. For these simulations
m =5 x 10% and 7o = 500. We see that the mutual at-
traction of the particles causes them to oscillate, and the
oscillations are damped due to the emission of radiation.
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FIG. 5: (a) Velocity v of particle one versus time t. The
points are from the simulation; the solid line is obtained by
numerically integrating Eq. (68). (b) E and B fields at time
t=0. (c) E and B fields at time ¢t = 8.5 x 10°.

V. ADVANCED TOPICS

So far we have assumed that the extended particle is
small enough that it is well approximated by the point
particle equation of motion (20). As the particle size in-
creases this approximation breaks down and a new equa-
tion of motion is needed. We can derive an exact equa-
tion of motion for an extended particle by substituting
the E-field decomposition given by Eq. (6) into the force
law for an extended particle given by Eq. (29). We find
that Fy = Fin + Fy, where

Fun(t) = -2 / p(@,t) Bin(, ) da (70)

is the force exerted on the particle by the incoming radi-
ation, and

Fo(t) = —2 / p(@,1) By (z, ) de (71)

is the radiation reaction force exerted on the particle by
its own retarded field. One can show that the retarded E-
field generated by an arbitrary charge distribution p(z, t)
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FIG. 6: Particle velocity v versus time ¢. The points are from
the simulation of a spatially extended particle; the solid line
is obtained by numerically integrating Eq. (74).

is given by

Biat) = [ela—u)plust~ Iz~ sy (72)
If we substitute Eq. (72) into Eq. (71), substitute for
p(z,t) using Eq. (27), and perform the integral over z,
we find that

Fo(t) =

my /e—(z(t)7Z(t7|5|)*5)2/4‘72e(s)ds, (73)

N

Thus, the exact equation of motion for a spatially ex-
tended particle is

mzZ = Fexy + Fin + F, (74)

where Fgyy is the externally imposed force, Fi, is given
by Eq. (70), and F, is given by Eq. (73).

It is interesting to compare the radiation reaction force
given in Eq. (73) with the radiation reaction force for a
point particle given in Eq. (19). For a point particle F.(t)
depends only on the state of the particle at time ¢, but for
a spatially extended particle F.(¢) depends on the state
of the particle at times t' < t.

Let us now consider when an extended particle can
be approximated as a point particle. For a sufficiently
small particle we can obtain a good approximation to the
radiation reaction force given in Eq. (73) by expanding
z(t — |s|) in |s| and retaining only the first-order term:
z(t —|s|) = z(t) —v(t) |s|- If we make this approximation
and perform the integral, we find that Eq. (73) reduces
to the radiation reaction force for a point particle given
in Eq. (19). The first-order approximation to z(t — |s|)
is justified if o0 <« 1 for n > 0, where v(" () =
d™v(t)/dt". When these conditions are met, the extended
particle can be approximated as a point particle.

To show how the behavior of an extended particle dif-
fers from that of a point particle, we repeat the numer-
ical simulation of a free particle that was described in
Sec. IV B, but we now take the particle size to be o = 250.
In Fig. 6 we plot the particle velocity as a function of
time; Fig. 6 should be compared to Fig. 3(a), which
shows the analogous graph for a particle of size o = 5.
For Fig. 3(a) the velocity is exponentially damped, but

for Fig. 6 the velocity oscillates as it damps. The oscilla-
tions are due to the fact that one segment of the extended
particle can act on the field, which then acts back on a
different segment of the particle at a later time.

APPENDIX A: ELECTRODYNAMICS IN (1+1)
DIMENSIONS

We give here a brief overview of electrodynamics in
(1 + 1) dimensions, which describes a charged particle
coupled to a single field E(z,t).2* The field equations for
E(x,t) are

0z E(z,t) = 2p(x,t), O E(x,t)=-2J(z,t). (Al)

The charge density p(z,t) and current density J(z,t) are
given by

p(a:,t) = q5($ - Z(t)), J(:U,t) = U(t) p(xat);

where 2(t) and v(t) are the position and velocity of the
particle at time ¢ and ¢ is its charge. Note that p(z,1)
and J(z,t) satisfy the conservation law

(A2)

Op(z,t) + 0y J(x,t) = 0. (A3)
The equation of motion for the particle is
m(d/dt)((1 — 2%)~"/%z) = Fy, (A4)
where
Fy(t) = 2qE(2(t),1) (A5)

is the force that the E-field exerts on the particle. Equa-
tions (A1)—(A5) give a complete description of electro-
dynamics in (1 + 1) dimensions. There are a number of
ways of motivating these equations: for example, they
can be obtained by writing Maxwell’s equations in ten-
sor form and then generalizing these tensor equations to
(1 + 1) dimensions.?® Equations (A1) and (A5) can also
be obtained from Maxwell’s equations and the Lorentz
force law by imposing translational symmetry in the g
and 2 directions.

In some respects electrodynamics in (1 + 1) dimen-
sions is a closer analog to ordinary electrodynamics than
the toy model we have considered. For example, one
can show that electrodynamics in (1 + 1) dimensions is
Lorentz invariant and gives a repulsive force between
charges of the same sign. However, it differs from or-
dinary electrodynamics in some important respects. For
example, the E-field can be viewed as the analog of the
electric field, but there is no analog to the magnetic field.
Also, there is no radiation. To see why, note that we can
explicitly solve the field equations (A1) for the E-field:

E(z,t) = Eo + qe(z — 2(1)), (A6)

where Ej is a background E-field that is constant in time
and uniform in space. Equation (A6) shows that the E-
field is uniquely determined by the particle position and



the value of Ejy, and thus does not support radiation.
Because the goal of this paper is to illustrate radiative
phenomena, we have chosen to use the toy model defined
by Egs. (1)—(5) instead of electrodynamics in (1 + 1) di-
mensions.
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The toy model that we will consider is not the same as
electrodynamics in (1 + 1) dimensions, which is discussed
in Appendix A.

The computer program used to perform the simulations
will be provided upon request.

A complete description of the toy model is given in A.
D. Boozer, “A toy model of electrodynamics in (1 + 1)
dimensions,” Eur. J. Phys. 28 447-464 (2007). Derivations
of the various results we cite regarding the toy model can
be found there.

We have chosen a system of units such that the speed at
which waves are propagated by the field is equal to one.
Note that there is a minus sign on the right-hand side
of Eq. (5), but there is no analogous minus sign for the
Lorentz force law. Also, the Lorentz force law contains a
term that involves the magnetic field, but there is no cor-
responding term in Eq. (5). The reason for choosing the
force law given in Eq. (5) is explained in Ref. 3.

This is not the only way of performing the decomposition,
but it is the most useful for our present purposes. See A.
D. Boozer, “Retarded potentials and the radiative arrow
of time,” Eur. J. Phys. 28 1131-1143 (2007).

Here ¢(z) is the sign function, defined such that e¢(z) = 1
ifr>0,e(r)=0ifz=0,and e(z) =—-1if z <0.

The retarded fields of a charged point particle in ordinary
electrodynamics are derived in D. J. Griffiths, Introduction
to Electrodynamics (Prentice Hall, Englewood Cliffs NJ,
1989), 2nd ed., Sec. 9.2.2.

Expressions for the energy and momentum density of the
field are derived in Ref. 3. Using these expressions, one
can show that total energy and momentum of the coupled
particle-field system are conserved, and that the energy
lost by the particle to radiation damping is equal to the
energy gained by the field.

A detailed comparison of the toy model and ordinary elec-
trodynamics is given in Ref. 3.

For the toy model there is a preferred reference frame in
which the equations of motion are valid, and a particle
moving with respect to this preferred frame feels a drag
force that is given by Eq. (19).

To simulate incoming radiation we replace Eq. (51) by
Eq. (52) as described in Sec. IIIB.

The analogous problem in ordinary electrodynamics is dis-
cussed in Ref. 8, pp. 434-435, and in Ref. 14.

-

10

11

12

13

4 J. D. Jackson, Classical Electrodynamics (John Wiley &

Sons, New York, 1975), 2nd ed., Sec. 17.7.

Pictures of the fields for a charge undergoing simple har-

monic motion in ordinary electrodynamics are given in R.

Y. Tsien, “Pictures of dynamic electric fields,” Am. J.

Phys. 40 (1), 46-56 (1972) and R. H. Good, “Dipole radi-

ation: A film,” Am. J. Phys. 49 (2), 185-187 (1981). An

animation of the fields for dipole radiation in ordinary elec-
trodynamics is discussed in J. W. Belcher and S. Olbert,

“Field line motion in classical electromagnetism,” Am. J.

Phys. 71 (3), 220-228 (2003).

Braking radiation in ordinary electrodynamics is discussed

in Ref. 8, pp 430-431, and in Ref. 14, Sec. 15.

Pictures of the fields for braking radiation in ordinary elec-

trodynamics are given in J. C. Hamilton and J. L Schwartz,

“Electric fields of moving charges: A series of four film

loops,” Am. J. Phys. 39 (12) 1540-1542 (1971) and R. H.

Good, “Dipole radiation: simulation using a microcom-

puter,” Am. J. Phys. 52 (12) 1150-1151 (1984).

The analogous problem for ordinary electrodynamics is dis-

cussed in Ref. 14, Sec. 17.8.

9 From Egs. (61) and (62) we see that |kz| < 1 implies
|v| <« 1, so the dipole approximation implies the low-
velocity approximation.

20 We have used the fact that Ref = |f|>. This relation is

the toy-model analog to the optical theorem of ordinary

electrodynamics (see Ref. 14, Sec. 9.14).

Note that in (1+1) dimensions the scattering cross section

is a dimensionless quantity ranging from 0 to 1 that gives

the fraction of the incident power that is back-reflected
from the scattering site.

Note that although the particle radiates power to the right,

on the right-hand side of the particle the radiated field

exactly cancels the incident field (Eraq(z,t) = —Ein(z,1)),

so there is no radiation in the total field E(x,t).

Because E,2(z(t),t) depends on z(t,2), we must keep a

record of the past trajectory of the particle to perform the

numerical integration.

Electrodynamics in (1+41) dimensions is discussed in many

places. See for example, H. Gali¢, “Fun and frustration

with hydrogen in a 1+ 1 dimension,” Am. J. Phys. 56 (4),

312-317 (1987).

This approach is discussed in Ref. 24, Sec. II.
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