66 PHYSICS: H. A. BUCHDAHL Proc. N. A. S.

unity.  Also 6, is a primitive in (ciy)-th root of unity. This function
also has the same property given in (3) and we may obtain relations
analogous to (16) involving the quantities {¢ + &, j + k}{4, j}. As we
were principally interested in the case where ¢ = p' — 1in (1), in view of
certain applications, we did not carry out this more general investigation
in detail. v

In a former paper? we examined the number (7, j) of solutions g, g of -

14 gt = gtsl,

where 7 and s are each in,the range of 0, 1, ..., ¢ — 1 and obtained quad-
ratic relations involving the quantities (7, 7)(F + &, j + k), given in Theorem
I of that paper. The relations seem to be of somewhat different character
from those of the present paper and we do not yet have a unified theory
to cover the case where ¢ and / are any integers in (1) of such a nature as to
yield as special cases relations (16) of this paper as well as (23), (24), (25),
(26) of the former paper. -

1 These PROCEEDINGS, 32, 317 (1946).
2 Ibid., 33, 236-242 (1947).
3 Ibid., 31, 189 (1945).
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1. By direct‘ consideration of the variation of tl;e integrals
=S G —gdr, =) GG,/ —gdr

the author has shown!® that in a V, the field equations arising~out of the
action principles éJ, = 0, §J; = 0 are satisfied by any solution of the
equations

G = gy, Q)

where a is an arbitrary constant, and G, is the Ricci tensor.  Let E,,af
be the gauge-invariant curvature tensor of Weyl’s theory;* and let Bu. =
G,m g“ "G, = G, so that in a region free from electromagnetic radiation
G = G, G = G. Then by a slight extension of the method referred
to above we may prove the following:
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THEOREM. In a region free from radiation (x, = O) the field equations
arising from a gauge-invariant action principle in which the Lagrangian is
composed of the components of the contracted curvature tensor and the com-
ponents of the metrical tensor are satisfied by any solution of the equations
G, = ag,,, where o is an arbitrary constant.

2. Defining the ‘“‘absence of radiation’’ to mean

k=0 (k=12 ...,n) @)

we may prove the theorem somewhat more generally for a V,. When
(2) applies every action principle of the kind under consideration reduces
to the form

st(Kl, Kz, . ..,Km) vV —gd‘l’ =0 (3)

where the Lagrangian is some function of the K, = GLGLGh ... G,
(K, = G), and m is a positive integer. Equation (3) is the degenerate form
of the action principle 8 'L/ —gdr = 0, where the Lagrangian L is
composed of the G,, and the g*. In a gauge transformation in which
g., becomes A\’g,,, 1/ —g becomes At"\/Z¢ and G,, remains unchanged,
so that L must change into \™"L since L1/ —g is to be a gauge-invariant
density. . Putting «, = 0 after the transformation has been carried out this
implies the condition

L(pKy, p2Ks, . .., p"Kp) = p*’L(Ky, Ko, ..., Ku), 4)

where we have set u = \ 2,
Differentiating (4) with respect to u and putting u = 1 after the differen-
tiation, this gives

L oL | '
Sg sK, oK. = /anL. (5)
Now
. OL
i = 3 2 ok, ©

and in view of the symmetry of K, with respect to the G*' we have
0K, = sGhGh ... Gi_8G,..
If now G, be given by (1) it follows immediately that
K, = const. = na', 6K, = sa’ %G = (sK,/na)sG.

Hence, from (6),

m

1
oL =— 3 sK.%G = L6G/2a,
dK,

na =
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by (5). Therefore.

’bfLﬂ/—ng f(z—laL\/ —g6G+L8\/—g)d'r R
= (L/2a) S (6(n/—gG) — Gé / —g + 2ab \/—g)dr,

or . .
8 S Lv/—gdr = (L/2a)5 S (G — (n — 2)a) v/ —gdr.  (7)

Accordingly the condition that the right-hand side of (7) should vanish is
always compatible with equation (1) whereby it was transformed into the
condition expressed by the vanishing of the right-hand side of (7). For?

8 S (G — (n— )V —gdr = S (/"G — G — Y/s(n — 2)ag”)

) VvV —gég,dr = 0,
by (1). Hence 8 f"L/—gdr vanishes, and the theorem of section 1 is
proved.

In particular the result applies to the case where the action is taken to

be the generalized volume "V —det|G,,|d7, so that

m
L = VaetlG,l/e= (Lo, . ..KTKF.. K@), (X =),

where the a’s are certain numerical coefficients. This clearly is of a form
satisfying the condition (5).

1 Buchdahl, H. A., Proc. Edinburgh Math. Soc. (in the press) (1948).

2 Eddington, A. S., The Mathematical Theory of Relativity, Cambridge University

Press, 1930, p. 204.
3 Reference 2, p. 139.
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1. In preceding papers, we studied physical families of curves in the
plane. We gave characteristic properties and discussed the transformation
theory. In the present paper, we shall generalize this theory to space of
three dimensions. ‘

The important physical families of curves connected with an arbitrary
(positional) field of force! are (1) trajectories, that is, the paths of motion
of a particle; (2) brachistochrones, that is, the curves in a general. (con-



