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Abstract. The radiation pressuresexerted by light beamsincident normally
on dielectric surfacesare calculated by evaluation of the quantum-mechanical
Lorentz force. The free-spacesurface of an almost transparent dielectric and
the interface of a lossy dielectric with a transparent medium are treated in
detai l . L ight beams in the forms of a short single-photon pulse and a
continuous-mode narrow-band coherent excitation are considered. The use of
a pulse excitation enablesdiscrimination of the surface and bulk contributions
to the force. It is shown that the surface force is directed inwards to the
dielectric for entrance and exit of the pulse from and to free space,contrary to
the conclusionsof someearlier work. For the interface of lossy and transparent
dielectrics, it is shown that the high-reflectivity mirror modelled by an appro-
priate limit of the lossydielectric experiencesa force enhancedby the refractive
index of the transparent medium, in agreementwith experiments on a mirror
suspendedin liquid dielectrics. The results for the Lorentz force are used to
identify the effective momenta of photons in dielectrics.

1. Intro duction
The radiation- pressure force exerted by ligh t in reflection from an almost

perfect mirror in vacuum was measured long ago [1, 2]. In quantum terms, the
observations are unambiguously interpreted as showing that a photon of energy
�h! 0 carries a momentum �h! 0=c, as is expected from the quantum theory of
radiation [3]. The corresponding forces associated with ligh t travelling throu gh
or imp inging on dielectric media with general values of the complex refractive
index are less well understood. T here are serious gaps in the understanding and
interp retation of experiments in terms of the theory, despite much activit y in the
study of radiation pressure and the related problem of characterizing the momen-
tum carried by a photon in a dielectri c medium.

One such gap concerns the transfer of momentum from a light beam to the
medium as the ligh t passes from free spaceinto a dielectric. T he problem of a
plane wave incident at an arbitrary angle on the surfaceof a transparent dielectric
with real refractive index � 0 greater than unity was considered by Poynting [4, 5]
many years ago. His calculation predicts an outward force normal to the surface,
irrespective of the angle of incidence, in agreement with previous work by
Thomson [6]. In the special caseof normal incidence, the Poynting result can
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be expressed in quantum terms as a momentum transfer to the surface of
magnitude

ÿ
2�h! 0

c
� 0 ÿ 1

� 0 ü 1
æ1�

per photon, where the minus sign indicates the direction outwards from the
surface. The results of a subsequent experiment on the oblique propagation of
light throu gh a glass cube [7] were claimed to verify the theory of Poynting.
Outward forceshave alsobeenobserved experimentally [8] in the passageof a laser
beam throu gh a water surface.However, the latter observations are explainable in
terms of transverse forces associated with the Gaussianintensity profile across a
typical laser beam[9, 10]. In more recent work, including the present calculations,
the corresponding force for an incident plane wave is expected to point inwards. It
is clearly unsatisfactory that even the direction of the force is uncertain for the
simplest form of light beam with a plane wave front.

Conflicting expressionshave been proposed by Mink owski [11] and by Abr a-
ham [12] for the momentum density of an electromagnetic wave in a transparent
material medium. The Abraham expression is consistent with a properly sym-
metric electromagnetic energy–momentum tensor and in quantum terms it associ-
atesa momentum �h! 0=� 0c with a photon in a dielectric of refractive index � 0; this
value occurs in several derivations, including that given later in the paper. The
Minkows ki expression associates a momentum � 0�h! 0=c with the photon in a
dielectric; it is lesswell founded in terms of the energy–momentum tensor but it
also occurs in various theories and measurements of radiation- pressure effects.
Thus the Poynting [4, 5] calculation mentioned above effecti vely assumes the
Minkows ki photon momentum in the dielectric. Again, a thorough experimental
study [13] of the reflection of light from a highly reflecting mirror suspended in a
rangeof liquids of differen t refractive indices � 0 hasshown that the time- integrated
force per reflected photon equals2� 0�h! 0=c, consistent with the Mink owski value of
the photon momentum. The connections between the photon momentum and the
forces exerted by light beamson mirror s have not, however, been unambiguously
established. It has also been emphasized that electromagnetic momenta within
materials occur in differen t varieties [14] and that too naı̈ve identifications of
photon momentum can be misleading.

T he observations of radiation pressure mentioned above all rely on meas-
urements of the forces on material media. The calculations of the present paper
accordingly usethe standard Loren tz force expression to obtain the forces applied
to material interfaces, extending early work by Planck [15]. The method of
calculation makes no use of any assumptions of the momentum of the photons,
except in free space, although the end results provide some insight into the
characteristics of photon momentum in a dielectric. T he calculations are restricted
to normall y incident light beams, using a recently developed quantization scheme
for one-dimensional dielectric systems[16–19]. T he systemstudied here, shown in
figure 1, consists of two differen t semi-infinite materials in contact in the z Ò 0
plane. The left-hand material at z < 0 is transparent, with a real refractive index
� 0, whil e the right-ha nd material at z > 0 is generally attenuating, with a complex
refractive index n Ò � ü i� . Thus, with appropriate specializations of the optical
parameters, the theory applies to a light beamincident on a dielectri c surfacefrom
free spaceor incident on a mirr or from a transparent liqu id.
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The incident ligh t is often assumed to take the form of a narrow-bandwidth
single-photon pulse but its detailed wave-packet spectrum is otherwise arbitrary.
However, for calculations on the vacuum–dielectric interface, the spatial length of
the pulse is assumed sufficientl y short that the time taken for passagethrou gh, or
reflection from, the dielectric surface is much shorter than the time taken for
significant attenuation of the transmitted part. It is then possible to disti nguish the
forces on the dielectric associated with the partial transmission of the pulse
through the surfaceand with its subsequent attenuation in the bulk. Experiments
designed to check the theory need to use a homogeneousbeam profil e in the x–y
plane sothat the normal force on the interface is not obscured by transverseeffects.
In addition to the single-photon pulse, some results are given for an incident
coherent narrow-bandwid th continuous-mode ligh t beam.

Calculations equivalent to those reported here could be performed in the
framework of classical electromagnetic theory, with similar conclusions. However,
the electromagnetic field is straightforwardly quantized for the dielectri c systemof
interest, and use of the quantum theory has the advantage that the formalism is
suitable for inclusion of vacuum pressureand fluctuation effe cts in future work. It
is also very convenient to normali ze the results in terms of the forces per photon.

2. Field oper ators and states
The vector potential operator is assumed to be oriented parallel to the x axis

and the electromagnetic wavesarepropagatedparallel to the z axiswith plane wave
fronts. The operator is separated into positive and negative frequency parts in the
usual way:

ÂAæ z; t� Ò ÂA ü æz; t� ü ÂA ÿ æz; t� : æ2�

The operator for the transparent dielectri c at negative z, where the refractive index
is � 0 real, is [18]

ÂA ü æz; t� Ò
æ 1

0

d!
�h

4p"0c!� 0A

� � 1=2

âaæ !� exp æÿi !t�

� exp
i!� 0z

c

� �
ü Ræ !� exp ÿ

i!� 0z
c

� �� �
ü noise operator; z < 0 æ3�
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Figure 1. Representation of the two dielectrics in contact, with a real refractive index � 0

at z < 0 and a complex refractive index n at z > 0.



where the two terms in the square brackets represent, respectively, the waves
incident towards and reflected from the interface at z Ò 0. The corresponding
vector potential operator for the lossy dielectric at positive z, where the refractive
index næ ! � Ò � æ ! � ü i� æ ! � is complex, is [17]

ÂA ü æz; t� Ò
æ 1

0

d!
�h

4p"0c!� 0A

� � 1=2

âaæ !� T æ !�

� exp ÿ i! t ÿ
næ !� z

c

� �� �
ü noise operator; z > 0; æ4�

where the single term representsthe wavestr ansmitted throu gh the interface. T he
wavesdecay exponentially with propagation distance,asis represented in figure 1.
The thickness of the dielectric at z > 0 is assumedto be much greater than the
characteristic attenuation distance c=!� æ !� , so that there is no need to include
waves reflected fr om the right-ha nd boundary of the dielectric. The negative-
frequency parts of the fields are given by the H ermitian conjugates of the above
expressions. Here A is a quantization areain the x–y plane and the mode creation
and destruction operators have the commutation relation

Óâaæ !� ; âayæ ! 0�� Ò � æ ! ÿ ! 0� : æ5�

The noise operator parts of the vector potential are associated with the material
loss [17, 18]. They are subsequently ignored as they do not contribut e to the
expectation values needed for the calculations that follow.

T he interface reflection and tr ansmission coefficie nts are given by

Ræ ! � Ò ÿ
næ ! � ÿ � 0

næ ! � ü � 0
; T æ ! � Ò

2� 0

næ ! � ü � 0
: æ6�

The refractive indices and the interface coefficients areall frequency dependent, as
is shown explicitly in the above relations. However, the light beams to be
considered below all have suffici ently narrow frequency spreadsthat the various
optical parameters can be treated as constants. The explicit ! dependence is
accordingly removed henceforth.

A single-photon incident pulse is representedby the state vector [16, 19]

j1i Ò
æ

d! � æ ! � âayæ !�j0 i ; æ7�

where j0i is the vacuum state. The funct ion � æ !� , which describesthe spectrum of
the photon wave packet, is normali zed according to

æ
d!j � æ !�j 2 Ò 1: æ8�

Use of the commutator (5) shows that the single-photon state vector satisfies

âaæ !�j1 i Ò � æ !�j 0i ; æ9�

this relation is very useful in the evaluation of expectation values of normally
ordered operators. The form of the spectral functi on is in general arbitrary but its
bandwidth is always assumed to be much smaller than its mean frequency ! 0.

T he flow of energy is described by the usual Poynting vector, denoted by

ŜSæz; t� Ò "0c2ÊEæz; t� B̂B æz; t� ; æ10�
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where the electric and magnetic field operators are determined from the vector
potential operator (2) by

ÊEæz; t� Ò ÿ
@̂AAæ z; t�

@t
; B̂B æz; t� Ò

@̂AAæ z; t�
@z

: æ11�

Scalar operators are used, as the electric and magnetic fields are at right anglesto
eachother and to the propagation direct ion. Quantities such asPoynting’s vector
that are of secondorder in the field operators are sensitive to fluctuations in the
vacuum electromagnetic fields, which are of no interest for the present calcula-
tions. The vacuum-field contributions are accordingly removed by selection of
only the parts of these operators that are normally ordered in the creation and
destruction operators âayæ ! � and âaæ ! � . T hus, with the usual colon notation for
normal ordering, the requir ed Poynting vector operator is

: ŜSæz; t� :Ò "0c2 : ÊEæz; t� B̂B æz; t� : : æ12�

It is not necessary to take symmetrized products of operators when only the
normall y ordered parts are retained. The relation

� 0æ1 ÿ jRj2� Ò � jT j2 Ò
4� 2

0�
æ � ü � 0� 2 ü � 2

; æ13�

obtained from equation (6), ensuresconservation of energy flow in the interface
system.

It is instru ctive to calculate the Poynting vectors in the differen t dielectric
media. As a prelimin ary, consider the system with the interface removed, where
the vector potential is given by equation (3) with only the first incident-wave term
in the square brackets retained. Then

: ŜSæz; t� :Ò
�h

4pA

æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2 2âayæ !� âaæ ! 0� exp iæ ! ÿ ! 0� t ÿ
� 0z
c

� �hn i

ÿ âaæ !� âaæ ! 0� exp ÿ iæ ! ü ! 0� t ÿ
� 0z
c

� �h i
ü Hermiti an conjugate

o
; æ14�

where the Hermitian conjugation refers only to the term containing the product of
two destruction operators. These terms, with two destruction or two creation
operators, make no contribut ions to the expectation value of the Poynting vector
for the single-photon state defined in equation (7). The expression simplifies
greatly when integratedover all time to give the operator representation of the total
energy that flows past coordinate z as

A
æ 1

ÿ1
dt : ŜSæz; t� :Ò

æ 1

0

d! �h! âayæ !� âaæ !� ; æ15�

with a clear interpretation in terms of the total photon energy flow throu gh the
planes of constant z. With the assumed narrow spectrum of the single-photon
pulse, the expectation value (15) for the state defined in equation (7) is

A
æ 1

ÿ1
dt h1j : ŜSæz; t� : j1i � �h! 0; æ16�

where equations (8) and (9) are used. The value of the time integral confirms the
formalism as an appropriate representation for a single photon. Similarly, the
spatial integral of equation (14) gives
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A
æ 1

ÿ1
dz : ŜSæz; t� :Ò

æ 1

0

d! �h!æ c=� 0� âayæ !� âaæ !� ; æ17�

where the constant phasevelocity in the integrand is replaced by the group velocity
at frequency ! in the presence of dispersion [16]. This expression also has a clear
physical interp retation asthe total energy flow along the coordinate axis at a given
time t.

A similar evaluation of the Poynting vector for the complete field operators
obtained from equation (3) with the use of equation (7) replacesequation (15) by

A
æ 1

ÿ1
dt : ŜSæz; t� :Ò

4� 0�
æ � ü � 0� 2 ü � 2

æ 1

0

d! �h! âayæ ! � âaæ !� æ18�

for z < 0, and the result for z > 0 obtained with the use of equation (4) is

A
æ 1

ÿ1
dt : ŜSæz; t� :Ò

4� 0�
æ � ü � 0� 2 ü � 2

æ 1

0

d! �h! âayæ !� âaæ !� exp ÿ
2!� z

c

� �
: æ19�

The prefactor of this integral is the probability � jT j2=� 0 of tr ansmission of the
incident photon into the lossy dielectric at z > 0, and the final exponential
describes the subsequent attenuation. The time-int egrated Poynting vector op-
erators at z < 0 and adjacent to the interface at z > 0 are equal. T he expectation
value of this operator is approximately

A
æ 1

ÿ1
dt h1j : ŜSæz; t� : j1i Ò �h! 0

4� 0�
æ � ü � 0� 2 ü � 2

æ20�

for the single-photon input state of equation (7), where equations (8) and (9) are
used.

T he single-photon pulse is a particul arly useful input state for the calculations
given in section 4 that aim to distingu ish between the surfaceand bulk contri bu-
tions to the radiation pressure on a lossy dielectric. Another input state that
corresponds more closely to the laserbeamused in experiments on reflection from
a mirror suspendedin a liqu id is the continuous-m odecoherent state jf � gi [16, 19]
defined by

jf � gi Ò exp

æ
d!Ó � æ !� âayæ !� ÿ � � æ !� âaæ !��

� �
j0i ; æ21�

which satisfies the eigenvalue relation

âaæ !�jf � gi Ò � æ ! �jf� gi : æ22�

The spectrum of the laser beam is normall y very narrow compared with other
bandwidths in the system and it can reasonably be taken in a ‘single-mode’ form
with the spectral function

� æ ! � Ò æ2pF � 1=2 exp æ i� � � æ ! ÿ ! 0� ; æ23�

where F is the beam flux in photons per second and � is the beam phase.
T he expectation value of the Poynting vector operator is readily evaluated for

the ‘single-mode’ coherent state. With terms that oscillate on the scale of the
optical wavelength ignored, the results are
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A hf� gj : ŜSæz; t� : jf � gi Ò �h! 0F
4� 0�

æ � ü � 0� 2 ü � 2
æ24�

for z < 0 and

Ahf � gj : ŜSæz; t� : jf � gi Ò �h! 0F
4� 0�

æ � ü � 0� 2 ü � 2
exp ÿ

2! 0� z
c

� �
æ25�

for z > 0.

3. Radiat ion pressure operator
The radiation pressureat position z in adielectric at time t is determined by the

Loren tz force-density operator, defined as [20]

: f̂f æz; t� :Ò ĴJæz; t� B̂B æz; t� :Ò :
@̂PPæz; t�

@t
B̂B æz; t� :; æ26�

where ĴJæz; t� is the current -density operator. The polarization is expressed in
terms of the electric field operator via the dielectric funct ion, which is equal to the
square of the complex refractive index, to give

P̂Pü æz; t� Ò "0æn2 ÿ 1� ÊEü æz; t� : æ27�

The negative-frequency operators are related by the Hermiti an conjugate expres-
sion. The total force on the dielectric at time t is represented by the force operator

: F̂F æ t� :Ò A
æ

dz : f̂f æz; t� :; æ28�

where the limits of integration are chosento cover the entire dielectric sample.
The operator : f̂f æz; t� : is the main tool to be usedin the calculation of radiation

forces on interf acesbut it is instru ctive to apply it first to a homogeneous bulk
lossless dielectric with a real refractive index � 0. The vector potential is given by
equation (3) with the boundary at z Ò 0 removed and only the first term in the
square brackets retained. The normally ordered force-density operator is

: f̂f æz; t� :Ò i
�hæ � 2

0 ÿ 1�
4pc2A

æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2

� æ ! ÿ ! 0� âayæ !� âaæ ! 0� exp iæ ! ÿ ! 0� t ÿ
� 0z
c

� �h in

ü ! âaæ ! � âaæ ! 0� exp ÿ iæ ! ü ! 0� t ÿ
� 0z
c

� �h i
ü H ermitian conjugate

o
: æ29�

The terms with two destruction operators or two creation operators again makeno
contri butions to the expectation value for a single-photon state.The force operator
(28) is obtained by integration over the entire z axis:

: F̂F æ t� :Ò A
æ 1

ÿ1
dz : f̂f æz; t� :Ò 0: æ30�

There is thus no total net force produced by the radiation pressure on an infinit e
homogeneous losslessdielectric.

The total force producedby the radiation pressure no longer vanisheswhen the
system is inhomogeneous, for example becauseof dielectric boundaries, or when
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the dielectric is lossy. T he forces for the dielectric system considered in section 2
are calculated with use of the vector potentials given in equations (3) and (4). In
view of the zero contri butions fr om the terms with two destruction or two creation
operators for an incident single-photon pulse and their zero averagevalues for an
incident ‘single-mode’ coherent state, theseare omitted from the expressions that
follow. T hen the force-density operator for z < 0 is

: f̂f æz; t� :Ò i
�hæ � 2

0 ÿ 1�
4pc2A

æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2âayæ !� âaæ ! 0� exp Óiæ ! ÿ ! 0� t�

� æ ! ÿ ! 0� exp ÿ
iæ ! ÿ ! 0� � 0z

c

� �
ÿ

n ÿ � 0

n ü � 0

ýýýý

ýýýý
2

exp
iæ ! ÿ ! 0� � 0z

c

� �" #(

üæ! ü ! 0�
n ÿ � 0

n ü � 0
exp ÿ

iæ ! ü ! 0� � 0z
c

� �
ÿ

n� ÿ � 0

n� ü � 0
exp

iæ ! ü ! 0� � 0z
c

� �� ��

æ31�

and that for z > 0 is

: f̂f æz; t� :Ò
i�h

pc2A
� 0

jn ü � 0j2

æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2âayæ ! � âaæ ! 0� exp Óiæ ! ÿ ! 0� t�

� Ónæn� 2 ÿ 1� ! ÿ n� æn2 ÿ 1� ! 0� exp ÿ
iæ n� ! ÿ n! 0�z

c

� �
: æ32�

These operators are applied to interface systemsin the following sections.
It is necessaryfor numerical calculations to take a specific form for the wave-

packet spectral function � æ !� of the single-photon pulse,and we choosea narrow-
band Gaussian

� æ !� Ò
l2

2pc2

� � 1=4

exp iæ ! ÿ ! 0� t0 ÿ
l2æ ! ÿ ! 0� 2

4c2

÷ !

with
c
l

� ! 0; æ33�

where l is the spatial length of the wave packet, ! 0 is its central frequency and t0 is
the time at which its peak passes throu gh the coordinate origin. The expectation
value of the Poynting vector operator (14) in a homogeneouslosslessmedium for
the single-photon wave packet of equation (7) is

h1j : ŜSæz; t� : j1i Ò
�h

2pA

æ 1

0

d! ! 1=2� æ !� exp ÿ i! t ÿ
� 0z
c

� �h iýýýý

ýýýý
2

: æ34�

Insert ion of the Gaussian form from equation (33) gives

h1j : ŜSæz; t� : j1i Ò
�h! 0

A
2c2

pl2

� � 1=2

exp ÿ
2c2Ót ÿ t0 ÿ æ � 0z=c�� 2

l2

÷ !

; æ35�

where the narrow spectrum justi fies the approximati on of the square-root fre-
quency in the integrand by ! 1=2

0 . The peak of the wave packet at time t lies at
position z Ò cæ t ÿ t0�=� 0. The time integral of equation (35) multipli ed by A equals
�h! 0, in accordance with equation (16).

T he expectation value of the normally ordered force-density operator (29) for
the single-photon wave packet in a homogeneouslosslessdielectric is
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h1j : f̂f æz; t� : j1i Ò i
�hæ � 2

0 ÿ 1�
4pc2A

æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2!� � æ !� � æ ! 0�

� exp iæ ! ÿ ! 0� t ÿ
� 0z
c

� �h i
ü complex conjugate: æ36�

The integrals over frequency are evaluated by the samemethods asbefore and the
result is

h1j : f̂f æz; t� : j1i Ò ÿ
2c�h! 0

l3A
æ � 2

0 ÿ 1�
2

p

� � 1=2

t ÿ t0 ÿ
� 0z
c

� �

� exp ÿ
2c2

l2
t ÿ t0 ÿ

� 0z
c

� � 2
� �

: æ37�

The force density is antisymmetric around the peak of the pulse, with positive
values in the front of the pulse to the righ t of the peak and negative values in the
rear of the pulse to the left of the peak [9]. T he dielectri c experiencesa stretching
force centred on the peak but the spatially integrated force in a homogeneous
lossless dielectri c vanishes, in accordance with equation (30).

4. Radiat ion pressure on the free-sp ace surfa ce
The radiation-pressure forcesthat occur in the transmissionof light throu gh an

interface from free space into a lossy dielectric are modelled by the system
described in sections 2 and 3 with � 0 set equal to 1. The total transfer of
momentum from a single incident photon to the dielectric in this case is very
easily obtained from the requirement of momentum conservation. The incident
photon in free space has a well-d efined momentum �h! 0=c and its reflection from
the dielectri c surface with coefficient R, given by equation (6) with � 0 Ò 1,
producesthe momentum transfer

�h! 0

c
æ1 ü jRj2� Ò

�h! 0

c
1 ü

n ÿ 1

n ü 1

ýýýý

ýýýý
2

÷ !

Ò
2�h! 0

c
� 2 ü 1 ü � 2

æ � ü 1� 2 ü � 2
: æ38�

The momentum transfer has the expected value of 2�h! 0=c for reflection from the
perfect mirr or described by the limit � ! 1 .

The calculation that follo ws determines how the total momentum of (38) is
divided into surface and bulk contri butions for dielectrics that are almost tr ans-
parent. It is useful to retain somelossin the dielectri c at z > 0 sothat the boundary
conditions at z Ò 1 need not be considered. The incident single-photon wave
packet has the Gaussian spectral functi on (33). The attenuation is assumed
suffici ently weak that the decay length is very much longer than the spatial
width of the incident pulse, or

c
2! 0�

� l : æ39�

This inequality ensuresthat the variations in force asthe pulse passes through the
interface occur on a much shorter tim e scale than the gradual fall-off in radiation
force that accompanies the attenuation of the transmitted light. The theory, and
possible experiments that could be performed with short pulses, are thus able to
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separatethe surfaceand bulk contributions to the radiation force. Combination of
equations (33) and (39) provides the overall inequality

! 0 �
c
l

� 2! 0�: æ40�

T he force on the dielectric is determined by the Lor entz force-density operator
from equation (32). T he expectation value of this operator for the single-photon
wave packet defined in equation (7) is very easily obtained by the use of equation
(9) and it is only necessary to make the replacements âayæ !� ! � � æ !� and
âaæ ! 0� ! � æ ! 0� , so that

h1j : f̂f æz; t� : j1i Ò i
�h

pc2A
æn� ÿ 1�n

1 ü n

æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2!� � æ !� � æ ! 0�

� exp iæ ! ÿ ! 0� t ÿ iæn� ! ÿ n! 0�
z
c

� �
ü complex conjugate: æ41�

The two integrals over frequency are evaluatedwith consistent useof the inequal-
ities in equation (40) to retain only the dominant terms. The force-density
expectation value is thus found to be

h1j : f̂f æz; t� : j1i Ò
4�h! 0

clA
ÿ �

jnj2 ÿ 1

jn ü 1j2
2c2

l2
t ÿ t0 ÿ

� z
c

� �
ü �

jnj2 ü 1

jn ü 1j2
! 0

" #

�
2

p

� � 1=2

exp ÿ
2! 0� z

c
ÿ

2c2

l2
t ÿ t0 ÿ

� z
c

� � 2
� �

: æ42�

T he total force on the dielectric is representedby the force operator (30), now
integrated only over positive z, and we require the expectation value of this
operator for the single-photon wave packet. However, we first check the expecta-
tion value (42) against the known total momentum transfer (38). It is easily shown
from equation (42) that

æ 1

ÿ1
dt h1j : f̂f æz; t� : j1i Ò

4�h! 2
0

c2A
� æ � 2 ü 1 ü � 2�
æ � ü 1� 2 ü � 2

exp ÿ
2! 0� z

c

� �
; æ43�

and hence

A
æ 1

0

dz
æ 1

ÿ1
dt h1j : f̂f æz; t� : j1i Ò

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò

2�h! 0

c
� 2 ü 1 ü � 2

æ � ü 1� 2 ü � 2
: æ44�

The total momentum tr ansfer thus agrees exactly with the value calculated in
equation (38).

T he expectation value of the force operator is now obtained from equation (42)
with the useof the standard Gaussian integral, the definition of the complementary
error function and the inequalities (40) as

h1j : F̂F æ t� : j1i Ò
2�h! 0

c
� 2 ü � 2 ÿ 1

æ � ü 1� 2 ü � 2

2c2

pl2

� � 1=2

exp ÿ
2c2æ t ÿ t0� 2

l2

÷ !"

ü
2! 0�=�

æ � ü 1� 2 ü � 2
exp ÿ

2! 0� æ t ÿ t0�
�

� �
erfc ÿ

21=2cæ t ÿ t0�
l

� � #

: æ45�
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This functi on is plotted in figure 2 for parameter values given in the caption that
accord with the inequalities (40). The first term in the square brackets of equation
(45) representsthe surfacecontri bution to the force; it has the sameshapeas the
incident pulse and it acts only durin g tim es t close to t0 when the pulse coincides
with the dielectri c surface. In contrast with the homogeneous dielectric, where the
force density is given by equation (37), the negative contribution is suppressedor
dimin ished when the rear of the pulse lies wholly or partially in free spacedurin g
its passagethrough the surface; thus the cancellation of the positive contribution
from the front of the pulse no longer occurs. The second term in equation (45)
represents the bulk contribut ion; it vanishes in the absenceof dielectric attenuation
but, when � 6Ò 0, it showsa rapid rise asthe transmitted pulse enters the medium,
follo wed by a slow exponential fall- off with characteristic decaytime � =2! 0� . T he
bulk contributio n arisesfrom the conservation of momentum by transfer from the
attenuating optical pulse to the dielectric. Figure 2 showsthe resolution of the total
force into its surface and bulk contributions .

The time-i ntegrated force, or the total momentum tr ansfer to the dielectri c, is
obtained from equation (45) as

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò

2�h! 0

c
� 2 ü � 2 ÿ 1

æ � ü 1� 2 ü � 2
ü

2

æ � ü 1� 2 ü � 2

÷ !

:

surface bulk

æ46�

The total momentum transfer is again the same asthat found in equations(38) and
(44) but the surface and bulk contri butions are now separately identi fied. T he
results are derived for a single-photon pulse but they scale with the photon
number for more intense pulses. Not e that the bulk contribut ion survives even
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Figure 2. Time dependenceof the force on a dielectric as a single-photon pulse passes
through the surface, where the vertical axis shows the dimensionless force

h1j : F̂F æt � : j1i=æ2 �h! 0=l� given by equation (45) as a function of the dimensionless

time 21=2cæt ÿ t0�=l : (–––), total force; (——), surface and bulk contributions. Here

� Ò 1:5, � Ò 5 � 10ÿ 8, ! 0 Ò 3 � 1015 sÿ 1 and l Ò 10ÿ 1 m. The ratio of the integrated
surface contribution to the bulk contribution is 0.625.



in the limit of zero loss with � Ò 0. This survival occurs because the momentum
transfer is integrated over the semi-infin ite dielectric, whose thickness is assumed
to be very much larger than c=! � , before � is set equal to zero. The more realistic
transparent dielectri c specimen of fini te thicknessis treated in section 5.

T he momentum transfer to the surfaceof a losslessdielectric is obtained from
equation (46) as

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò

2�h! 0

c
� 0 ÿ 1

� 0 ü 1
æsurfacepart for � Ò 0� ; æ47�

where � is here replacedby � 0 for consistency with the notation usedelsewhere for
the real refractive index of a lossless dielectric. The same expression is simply
derived by consideration of momentum conservation at the surface, in which the
incident photon and its reflected component jRj2 are assigned momenta �h! 0=c,
while the transmitted component � 0jT j2 is assignedthe Abraham momentum with
magnitude �h! 0=� 0c. The momentum transfer (1) calculated by Poynting has the
samevalue asin equation (47) but the opposite sign. It alsocanbe reproduced by a
similar simple calculation where the transmitted component of the incident photon
is assigned the Minkows ki momentum � 0�h! 0=c.

T he momentum transfer to the bulk dielectric is given by equation (46) as
æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò

�h! 0

c
4

æ � ü 1� 2 ü � 2
æbulk part� ; æ48�

and the energy transfer is given by equation (20) with � 0 Ò 1. Consistent with the
discussion in the previous paragraph, thesetwo expressions can be interpreted as
more generally assigning the Abr ahammomentum �h! 0=� c to the photon of energy
�h! 0 in a material of complex refractive index with real part � .

T he results so far in the present section refer to the momentum transfer as a
pulse impinges on a dielectric surface from free space. For a pulsethat arrives at a
surface from inside a losslessdielectric, we need the force operator at z < 0,
obtained from equation (31) as

: F̂F æ t� :Ò A
æ 0

ÿ1
dz : f̂f æz; t� :

Ò ÿ
�hæ � 2

0 ÿ 1�
pc� 0

n
n ü � 0

ýýýý

ýýýý
2æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2âayæ !� âaæ ! 0� exp Óiæ ! ÿ ! 0� t�; æ49�

where the value of the integral at the lower limi t is set equal to zero in accordance
with the vanishing of the force in a bulk losslessmaterial. The force in (49) is thus
entirely a surfacecontribut ion and, when n Ò 1, it refers to the arrival of light at a
free-space interface from inside a dielectri c with real refractive index � 0. It s time-
integrated expectation value for the single-photon wave packet of equation (7) is
then

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò ÿ

2�h! 0

c
� 0 ÿ 1

� 0æ � 0 ü 1�
: æ50�

The force is directed from free spaceinto the dielectri c and the theory developed
here thus produces inward forces for both directions of propagation through the
surface. The sameexpression for the surfaceforce is again derived by application
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of the princi ple of momentum conservation, with use of the Abr aham form of
photon momentum inside the dielectric.

By contrast, the theory of Poynting [4] produces an outward force for a
direct ion of propagation out of the dielectric. Its form is obtained from equation
(50) by the replacement � 0 ! 1=� 0, which changesboth the magnitude and the sign
of the force. The Poynting expression is again consistent with momentum
conservation in which the photon inside the dielectri c is assigned the Mink owski
momentum. Note that the same replacement � 0 ! 1=� 0 converts equation (47) to
the Poynting expression (1). Previous calculations [20, 21] that produced expres-
sions in apparent agreement with Poynting’s results are discussed in the appendix.

5. Mo mentum tr ansfer to transpar ent slab
A transparent slab of thickness L surrounded by free space has overall

reflection and transmission coeffi cients RSæ !� and T Sæ !� that vary with the
frequency !, even when the refractive index � 0 is constant. The total momentum
transferred to the slab by an incident single-photon wave packet is thus obtained
by consideration of momentum conservation as [20]

æ 1

0

d!
�h!
c

j� æ !�j 2Ó1 ü jRSæ !�j 2 ÿ jT Sæ !�j 2� Ò
æ 1

0

d!
2�h!

c
j� æ !� RSæ !�j 2; æ51�

where the second form follo ws from the conservation of pulse energy. The
evaluation of the integral is in general quite diffi cult, and its value depends on
the length l of the pulse relative to L and on the magnitude of the pulse central
frequency ! 0 relative to c=� 0L . There are, however, simple results in special cases
and the momentum transfer from a short pulse to a thick slab is found to be [10,
20]

2�h! 0

c
æ � 0 ÿ 1� 2

� 2
0 ü 1

for l � L : æ52�

The expressions derived in the previous section enable a verification of this
expression for the momentum transfer. T he relative spatial widths of the pulse and
the slab allow the partial passages of the pulse throu gh the slab surfaces to be
treated as independent events, without the multiple-r eflection interf erence that
otherwisecomplicatesthe calculations. The slabextinction coefficie nt � is setequal
to zero. T he inwardl y directed single-photon momentum transfers on passage into
and out of the slab are given by equations (47) and (50) as

in:
2�h! 0

c
� 0 ÿ 1

� 0 ü 1
; out: ÿ

2�h! 0

c
� 0 ÿ 1

� 0æ � 0 ü 1�
: æ53�

The intern al reflection coeffici ent R and the probability T 2=� 0 that the photon
incident from fr eespaceenters the slab are obtained by setting n Ò 1 in equation
(6). The mean momentum transfer to the slab is accordingly

2�h! 0

c
� 0 ÿ 1

� 0 ü 1
ÿ

� 0 ÿ 1

� 0æ � 0 ü 1�
4� 0

æ � 0 ü 1� 2
æ1 ÿ R2 ü R4 ÿ � � ��

÷ !

Ò
2�h! 0

c
æ � 0 ÿ 1� 2

� 2
0 ü 1

; æ54�

in agreement with equation (52).
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It should be pointed out that the same expression for the total momentum
transfer to the slab is obtained with alternative forms of the indivi dual surface
momenta in equation (53). T hus the expression in (54) is unchanged by the
replacement � 0 ! 1=� 0, which reproduces the surface transfers calculated by
Poynting [4] when the samereplacement is madein equation (53). The transferred
momenta now point outwards from both surfacesfor passagesof the light both into
and out of the slab when � 0 > 1.

6. Radiat ion pressure on dielect ric inter face
We now return to the system considered in section 2, with the material of real

refractive index � 0 restored in the half-spacez < 0. It is not di fficult to rework the
calculations of section 4 with this restoration. It follows from equation (16) that the
state defined in equations (7) and (8) continues to represent a single incident
photon in the transparent dielectric. It is not possible to calculate the total
momentum transfer to the lossy dielectric by considerations of momentum
conservation, analogous to equation (38), without some assumption for the
incident photon momentum, which we wish to avoid. However, the radiation-
pressure forces can be calculated from Loren tz force-density operators given by
equations (31) and (32). No specific form for � æ ! � is assumediniti ally, except that
its bandwidth is much smaller than its mean frequency ! 0.

Consider the lossy dielectri c at z > 0, where the force operator defined in
equation (28) is given by

: F̂F æ t� :Ò A
æ 1

0

dz : f̂f æz; t� : Ò
�h
pc

� 0

jn ü � 0j2

æ 1

0

d!
æ 1

0

d! 0æ !! 0� 1=2âayæ ! � âaæ ! 0�

� exp Óiæ ! ÿ ! 0� t�
næn� 2 ÿ 1� ! ÿ n� æn2 ÿ 1� ! 0

n� ! ÿ n! 0 : æ55�

It follows that the total momentum tr ansferred to the lossy dielectric by an
incident narrow-bandwidt h wave packet is

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò

2�h! 0

c
� 0æ � 2 ü 1 ü � 2�
æ � ü � 0� 2 ü � 2

for z > 0; æ56�

and this expressioncorrectly reducesto that in equations (38) and (44) for � 0 Ò 1.
The momentum transfer to the lossy dielectric can be separatedinto surfaceand
bulk contri butions if the length of the incident pulse is now taken much shorter
than the decay length in the lossy dielectric, as in section 4. The generalization of
equation (46) is

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò

2�h! 0

c
� 0

� 2 ü � 2 ÿ 1

æ � 0 ü � � 2 ü � 2
ü

2

æ � 0 ü � � 2 ü � 2

÷ !

for z > 0:

surface bulk

æ57�

T he lossy dielectric has the nature of a perfectly reflecting mirror in the limi t
� ! 1 . The bulk contribut ion to the momentum transfer vanishes in the limit and
the surface contribut ion tends to 2� 0�h! 0=c. This corresponds to reflection of a
photon with the Minkows ki value of momentum and it agreeswith measurements
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of the force on a highly reflecting mirror suspended in a transparent liqu id of
refractive index � 0 [13]. The ligh t used in the experiments is more appropriately
modelled by the ‘single-mode’ coherent statedefined in equations (21)–(23), where
the result analogousto equation (56) is

hf� gj : F̂F æ t� : jf � gi Ò
2�h! 0F

c
� 0æ � 2 ü 1 ü � 2�
æ � ü � 0� 2 ü � 2

for z > 0; æ58�

but the conclusion about the Mink owski nature of the momentum transfer remains
the same.

The total momentum transferred to the transparent dielectri c at z < 0 by an
incident narrow-bandwidth wave packet is obtained with the use of the force
operator defined in equation (31) and the result is

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò ÿ

2�h! 0

c
� 2

0 ÿ 1

� 0

� 2 ü � 2

æ � 0 ü � � 2 ü � 2
for z < 0: æ59�

This is entirely a surface contribut ion, as there is no bulk transfer in the
transparent dielectric. The expression tends to

æ 1

ÿ1
dt h1j : F̂F æ t� : j1i Ò ÿ

2�h! 0

c
� 0 ÿ

1

� 0

� �
for z < 0 æ60�

in the limit � ! 1 of a perfectly reflecting mirror. It is seen that the liqu id takes
up the differen cebetween the Abraham and Minkowsk i photon momenta, and this
is eventually transferred to its container along with the momenta associated with
the entrance of the ligh t into the liqu id.

The total momentum tr ansfer to the two dielectrics from the sum of equations
(56) and (59) is

2�h! 0

c� 0

� 2
0 ü � 2 ü � 2

æ � 0 ü � � 2 ü � 2
Ò

�h! 0

c� 0
æ1 ü jRj2� ; æ61�

where the reflection coefficie nt is given in equation (6). T his result indicates a
photon momentum of the Abraham form �h! 0=c� 0 in the transparent dielectric in
contrast with the Minkows ki value of �h! 0� 0=cobtained abovefor the reflection by a
perfect mirr or.

7. Conc lusions
Experiments on radiation pressure generally measure the forces on material

bodies and there is no direct measurement of the photon momenta within the
bodies or in any surrounding media. The method of calculation used here
accordingly works only with the Loren tz forces and it avoids any a priori
expressions for photon momenta. T wo main physical systems, with light beams
propagated perpendicular to the material surfaces,have been addressed.

The first systemis that of a dielectric interface with free space.The surfaceand
bulk contributions to the force are separatedhere by the assumption of incident
light in the form of a short pulse and it has been shown that a long-standing
calculation of Poynting produces a surface force of the same magnitude but
opposite sign. Thi s conclusion holds for a pulse that enters the dielectric from
free space,while both the magnitude and the sign of the force are differen t for a
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pulse that leaves the dielectric into free space. T he results of the present calcula-
tion thus disagree with those of Poynting and with some similar erroneous
conclusions in [20] and [21] (seeappendix). There appear to be no experimental
tests of the surface force except in conjunction with other effects that obscure the
force itself.

T he second system is that of a highly reflecting mirr or suspended in a
transparent liquid of refractive index � 0. With ligh t in the form of a short pulse
or in a narrow-band continuouscoherent beam, it hasbeenshown that the force on
the mirror for a given photon flux is increasedby a factor of � 0 relative to the force
on the samemirror suspended in free space.T he conclusion agreeswith the results
of a seriesof careful measurements on a mirr or suspended in a range of differen t
liquids [13].

T he systems considered have ligh t incident on media that show weak and
strong attenuation respectively. The presence of some attenuation, even in a
nominally transparent dielectric medium, allows the neglect of any influence of
the second surface on the transmission of light throu gh the first surface. It also
facilitat es the determination of the momentum carried by the transmitted photon
in terms of the integrated force on the dielectri c after the light is totally
extinguished.

T he calculated results for the Loren tz forces on material media enable some
conclusions to be drawn on the effecti ve photon momenta that are needed to
reproduce the same forces. For the interf aceof a transparent dielectric with free
space, the surface force is the same as that obtained from conservation of
momentum when the photon in the dielectric has the Abr aham momentum of
�h! 0=c� 0. The same total value of the photon momentum is found for the systemof
a mirror suspended in a liqu id dielectric, when the contri butions of the forces on
the liqu id and the mirror are combined. However, the calculated force on the
mirror alone is consistent with the Minkows ki momentum of � 0�h! 0=c, and this
value agreesvery well with the measurements.

T he theory presented here is restricted to the propagation of light perpendi-
cular to dielectric surfaces. However, an early experiment on radiation pressure,
which was thought to support Poynting’s calculations, measuredthe torque on a
glass cube ill uminated by a light beam in oblique incidence [7]. The measured
torque did indeed agreewell with that calculated from the Poynting theory, which
is again equivalent to the assumption of the Minkows ki momentum for a photon in
the cube. The same experimental arrangement can also be described by an
extension of the theory given here, which is again consistent with the assumption
of the Abraham effecti ve momentum for a photon in the plate. It is found that the
calculated torque on the plate is the same in the two theories.The situation is thus
analogous to that outlined at the end of section 5 where differen t assumptions for
the photon momentum produce the same expression for the transfer of linear
momentum to a transparent slab.
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Appe ndix. Criti cism of previ ous work
Kim et al. [20] derived the quantum theory of radiation pressure on a

transparent dielectric slab by the use of expressions for the Loren tz force in
terms of the electromagnetic momentum and momentum–current-density com-
ponents of the Maxwell stresstensor. The momentum transfers at the individua l
surfacesof the slab were determined in section 8 of [20] by taking the limi t of an
incident optical pulse whoselength wasmuch shorter than the slab thickness. T he
results differ from those in equation (53) of the present paper in having � 0 replaced
by 1=� 0, which reproducesthe Poynting expression (1) for the entry of ligh t into
the dielectri c and its equivalent for exit from the dielectri c. H owever, the
derivation neglected terms in the tim e derivative of the electromagnetic momen-
tum density that in fact make significant contributions for the times at which the
incident pulse passesinto the slab and first impinges on its secondsurface. It is not
difficult to rework the calculation on the basis of equation (5.3) of [20] for the
Loren tz force. Wit h careful identi fication of the individua l surface contributions ,
the momentum transfers are in exact agreement with the expressionsin equations
(53) of the present paper. These same expressions are also obtained when the
neglected time-derivativ e terms are restored to the radiation pressureoperator in
(8.1) of [20].

Santos and Loud on [21] derived the quantum theory of radiation pressure on
the interface between two transparent dielectric media. The calculations again
worked, not with the Loren tz force directly , but with a derived form that includes
the momentum parts of the Maxwell stress tensor. T he results contained in
equations (6.15) and (6.16) of [21] disagree with those of the present paper. It is
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straightforward to recalculate the momentum transfers on the basisof the Loren tz
force obtained from the quantized fields in equations (2.12) and (2.13) of [21]. T he
results agreeexactly with those of the present paper, given by the surfacepart of
equation (57) for the first dielectric and by equation (59) for the seconddielectric,
with � set equal to zero in both expressions.

T hesecomparisons with previous work emphasizethe simpli city and safety of
calculations based on the Lorentz force and the dangers of calculations basedon
derived expressions involving elements of the Maxwel l stress tensor, whose
contribut ions may vanish in some situations but not in others.
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