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We have examined the physical meaning of the geometric gauge associated with the photon position opera-
tor and find that localized photon states are not spherically symmetric and may have orbital angular momentum
and optical vortices determined by the choice of gauge.
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I. INTRODUCTION

Recently there has been significant advancement of our
understanding of optical angular momentumf1–3g. Orbital
angular momentum adds to the photon’s well-known spin
angular momentum to give total angular momentum. Beams
with spin and orbital angular momentum are obtainable us-
ing standard lasers. A quarter-wave plate, which provides a
relative quarter-cycle phase shift between orthogonal linear
polarizations, can transform a linearly polarized beam to one
with spin angular momentum. Cylindrical lenses or holo-
grams refract the wave fronts and impart orbital angular mo-
mentum to a Hermite-Gaussian beam, converting it to a
Laguerre-Gaussian beam with helical wave fronts. An annu-
lar slit or a cylindrical prism will produce nondiffracting
Bessel beams with orbital angular momentum. A number of
experiments have demonstrated the transfer of orbital angu-
lar momentum to micron sized particles, proving that photon
orbital angular momentum is physically realf4g.

Although total angular momentum of the classical field is
conserved,J cannot be covariantly separated into the usual
spin and orbital angular momentum operatorsS and L f5g.
Here the underscore denotes a matrix. In a second-quantized
formalism, transversality is maintained, but the spin and or-
bital angular momentum operators are not true angular mo-
menta f6g. However, statescan be constructed that have
well-defined total angular momentum per photon in any
specified direction. Without loss of generality we can choose
this to be thez direction, and describe the total, spin, and
orbital angular momenta along this direction with quantum
numbersjz, sz, andlz, respectively. For example, azimuthally
polarized Bessel beams for whichjz=0 are superpositions of
two components: one withlz=1 and sz=−1, and one with
lz=−1 andsz=1 f7g.

In spite of an extensive literature on nonlocalizability of
photons in three dimensions, localized photon states with
arbitrarily fast asymptotic power-lawf8g or exponentialf9g
falloff of energy density have recently been constructed.
What has not been analyzed in the past is the deviation of
these localized states from spherical symmetry and their con-
sequent angular momentum content. It has been argued that a
converging or diverging one-photon state can never be local-
ized exactly because of mathematical limitations imposed by
quantum field theory and, for example, the Paley-Wiener
theoremf9g. However, a momentum-space basis of exactly
localized states can be constructedf10,11g with contributions

from all p, describing a photon that may be incoming or
outgoing relative to the spacetime point of localization. This
orthogonal basis, while probably not realizable as physical
photon states, is convenient for calculation of the probability
amplitude for photon position and for the specification of
transverse bases in general.

In the present paper we discuss the angular momentum of
photons localized in all three spatial dimensions.

II. LOCALIZED BASIS STATES AND GEOMETRIC GAUGE

Basis states of the form

Cr8,lspd = Npae−ir8·p/"epl. s1d

are eigenstates of a Hermitian photon position operator with
commuting components. In spite of a long history arguing
against the existence of such an operator, we found not one,
but a whole family of such position operators related by
geometric gauge transformations, with the gauge potential
defining the rotation of the transverse basis aboutp. Details,
together with explanations where arguments against their ex-
istence fail, are given in Ref.f11g. We show here that the
gauge choice determines the angular momentum of the basis.

Massless particles possess only two linearly independent
spin states, commonly taken to be eigenstates of the helicity
operatorS·p̂ The resulting coupling of spin and momentum
means that the position operator, which generates transla-
tions in momentum space, generally does not commute with
S. For particles of spin 1, the components ofS are repre-
sented by 333 matrices that generate rotations of the field
vectors, and the position operator is therefore not simply
i"=, where= is the gradient operator inp space, but rather
a 333 matrix. An earlys1948d proposal for such an operator
is the Pryce photon position operatorf12g,

r P = "Si Ipa = p−a +
1

p2p 3 SD , s2d

wherea= 1
2 for electromagnetic fields and −1

2 for vector po-
tentials,S is the dimensionless spin-1 operator, andI is the
unit matrix. In our notation, the underscore denotes an array
and boldface denotes a three-component vector. Thus, the
boldface signifies thatr P hasx, y, andz components, while
its underscore means that each of these components is a 3
33 array that operates on the vector field of a first-quantized
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photon state, expressed as a 331 array. This notation is care-
fully maintained here to prevent confusion between these
two vector roles.

The Cartesian components ofr P do not commute and thus
cannot define a basis of localized states. A family of position
operators that do have commuting components is

r sxd = i"Dpa = p−aD−1 s3d

whereD=e−iS3fe−iS2ue−iS3x is the rotation matrix with Euler
anglesf ,u ,x that rotates the laboratoryz axis into p̂. The
role of the matricesD and D−1 is to decouple the spin and
momentum, allowing the gradient operator to operate on the
momentum dependence of the field while maintaining the
transversality condition. A straightforward calculation gives
f10,11g

r sxd = r P − "asxdp̂ ·S s4d

with

asxdsu,fd =
cosu

p sinu
f̂ + = xsu,fd. s5d

The polar and azimuthal angles are denotedu andf in mo-
mentum space andq andw in position space.

As the basis vectors for the field and hence for the first-
quantized photon wave function, we use complex vectorsel

of definite helicityl= ±1, with components

el,m
sxd su,fd = el,m

s0d su,fdexps− ilxd, s6d

where

el,m
s0d su,fd = sûm + ilf̂md/Î2, s7d

and we adde0,m= p̂m to complete the triad. The caret denotes
a unit vector, andm=−1, 0, and 1 label rows of the column
vector el, and denote components on the complex vectors
sx̂− i ŷd /Î2, ẑ, andsx̂+ i ŷd /Î2, respectively, which are eigen-
vectors ofSz with eigenvaluem. Here we express the rota-
tion matrixD in terms of the same componentsf13g and note
that el,m

sxd su ,fd=Dml=D−m,−l
* . The general transverse basis

vector el
sxd is rotated relative toel

s0d by the Euler anglex
aboutp, giving just a phase difference in the helicity basis.

While the phase of the basis vectors depends on the
choice ofx, the physical fields are obviously independent of
how we choose to orient the basis vectors aroundp. Indeed,
we can rotate the basis vectors aroundp by a different angle
at different momentum-space positionssu ,fd, and this can-
not change the physical field. In this sense, a reorientation
transformationxsu ,fd→x8su ,fd is a true local gauge trans-
formation. It is a basic requirement of the covariance of the
geometric representation. The invariance of the physical field
and hence the photon wave function means that the coeffi-
cients of the field when expanded in the basis receive com-
pensating phase factorsf14g.

The termasxd may be considered an Abelian momentum-
space vector potential, analogous to the vector potentialA of
electromagnetic theoryf11g. The position operatorr sxd in Eq.
s4d depends on the gauge ofasxd through=xsu ,fd, similar to
the way the kinetic momentum of a massive charged particle

depends on the gauge ofA. The role of the charge of the
massive particle is seen to be taken in momentum space by
the helicity of the photon, and it is relevant to recall here the
well-known result that the helicity defines an invariant sub-
space of the Poincaré group. The basis vectors are taken as
eigenstates of the position operator, and a gauge transforma-
tion cannot change their eigenvalues. Thus, a gauge transfor-
mation in the basis statesel

sxd of the helicity subspacel, say

el
sxd→el

sx8d=Tel
sxd, must change the position operator accord-

ing to the usual gauge rule

rel
sxd → r 8el

sx8d = Trel
sxd,

and this gives the transformationr 8=TrT−1. In our case,T is
the phase factorT=e−ilsx8−xd and r = i"Dpa=p−aD−1 so that
r 8=r −l= sx8−xd, which is exactly the dependence we find
for r on the gauge transformation.

The field=3asxd in momentum space corresponds to that
of a magnetic monopole at the origin. For the potentialas0d, it
has singular “Dirac” strings of flux lines on the ±z axis that
supply the flux emanating from the monopole. This is most
easily seen by integratingas0d along a path encircling thez
axis and equating this to the flux passing through the area
bounded by the path. The singular strings associated with
asxd represent an essential nonintegrability or path depen-
dence that is responsible for the physical manifestation of the
gauge potentialf15g. Gauge transformations induced by
changes inxsu ,fd can change the strings, but they do not
alter the physical results. As shown in Ref.f11g, the Abelian
potential asxd is part of a more general nonabelian gauge
potential for SOs3d.

The basis defined by

xsu,fd = − mf s8d

has totalz angular momentum quantum numberjz=ml with
the single-valued gauge potential

asxd = f̂
cosu − m

p sinu
. s9d

The singularities inas0d along the ±z axis su=0,pd are thus
changed in strength by the factors 17m. For example, for
m=1, the singularity along the positivez axis is missing in
asxd whereas that along the negativez axis carries twice the
flux. Other choices ofxsu ,fd can reorient the singularity
along some other direction or replace it by a nonintegrable
smultivaluedd asxd. A reorientation of the singularity does not
produce any new physics, and as discussed above, for sim-
plicity we choose a geometric gauge with the singularity on
the ±z axis. sA more general choice ofx can give a singu-
larity that is not straight as discussed in the literature on
magnetic monopolesf18g, perhaps with interesting conse-
quences.d Restricting the Euler anglex to functions given by
Eq. s8d, the basis vectors can be expanded in eigenvectors of
the usual spin-1 matrixSz andLz=−i] /]f as
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el
s−mfd =

1

21scosu − ldexpfisml + 1dfg

− Î2 sinu expsimlfd
scosu + ldexpfisml − 1dfg

2 . s10d

The top rowsm=−1d gives the projection of the basis state
el

s−mfd onto a state withSz quantum number −1 andLz quan-
tum numberml+1 with probability 1

4scosu−ld2; the second
row sm=0d has the corresponding quatnum numbers 0 and
ml with probability 1

2ssinupd2; while the third rowsm=1d
has quantum numbers 1 andml−1 with probability
1
4scosu+ld2. Thus, by inspection, it is confirmed that the
total angular momentum quantum ofJ z of the basis state is
"ml. The expectation values ofSz andLz for the basis state,
obtained from the weighted sum, are then" cosu and
"s−cosu+mld, respectively, showing that its cosine terms
exactly cancel, leaving the eigenvalue"ml of J z.

To be consistent with the position operatorr sxd, a modified
external angular momentum operator can be introduced as

L sxd = r sxd 3 p. s11d

The total angular momentum is then written asJ=Ssxd

+L sxd where the internal angular momentum is

Ssxd = sasxd 3 p + p̂dp̂ ·S. s12d

Since the basis vectors are eigenvectors ofp̂ ·S with eigen-
value l, that is, p̂ ·Sel=lel

sxd, they are also eigenvectors of
the position operator with eigenvalue 0, givingr sxdel

sxd=0
and thusL sxdel

sxd=0 In a basis expansion,L sxd just differen-
tiates the coefficient ofel

sxd, giving no contribution due to the
basis; the operatorSsxd alone extracts the total angular mo-
mentum of the basis.

Restrictions on the uncertainty of the angular momentum
of a localized state are imposed by the commutation relations
between the components ofr sxd andJ, which were found in
Ref. f11g to be

fJj,rkg = ie jklr l − ils]Sj
sxd/]pkd. s13d

Note that the position operator does not transform as a
simple vector because, through its coupling to the spin, a
rotation induces a gauge change. For a photon at the origin,
krkl=0 and the usual relationship between uncertainty and
the commutator gives

DJjDrk ù
1

2
ku]Sj

sxd/]pkul s14d

and

DJ2Drk ù o
j

kuJj]Sj
sxd/]pkul. s15d

Whenx is given by Eq.s8d the z component ofSsxd reduces
to Sz

s−mfd=mS·p̂ and within a state space of helicityl,
]Sz

s−mfd /]pk=0. Thus the photon can simultaneously have a
definite position andz component of the total angular mo-
mentum. However, it does not have definitex or y compo-
nent ofJ, and there is no definite value for the magnitude of
total angular momentum. Nothing can be known definitely

about the values ofS or L separately. This is consistent with
the expansions10d.

III. TRANSVERSE FIELDS

The transverse basis vectorss6d can be used to express
either the ideally localized states given by Eq.s1d or more
readily realizable states. Adlard, Pike, and Sarkarf8g, for
example, constructed single-photon states with arbitrarily
fast asymptotic power-law falloff of energy density and pho-
todetection rate and Białynicki-Birulaf9g obtained converg-
ing or diverging localized states with an arbitrarily fast ex-
ponential falloff. An advantage of these latter states is that
the falloff rates for the vector potential, the fields, and the
Landau-Peierls photon wave functionf16g are asymptotically
all determined by the same exponential factor, and this
avoids the problem that the fields themselves associated with
exactly localized states are not localizedf17g. The gauge
choice xsu ,fd affects the angular momentum of the basis
states, whether applied to these asymptotically localized
states or to the exactly localized states of Ref.f11g.

In coordinate space the electric field describing the local-
ized states with helicityl discussed here can be written as

Emsr ,t,ld =E d3p

s2p"d3 fspdgsudel,m
sxd su,fd

3 expfisp · r − pctd/"g s16d

wheregsud=sinu for the localized states considered inf9g,
while gsud=1 in f8,11g giving, with the gauge choices8d,

el,m
sxd su,fd = el,m

sxd su,0deism−mdlf. s17d

To transform to coordinate space we can use spherical polar
coordinates and expand in spherical harmonics using

expsip · r /"d = 4po
l=0

`

o
n=−l

l

i lYl
nsq,wdYl

n*su,fd j lspr/"d.

Integration overf then gives

Emsr ,t,ld = hmsq,r,t,ldexpfism− mdlwg s18d

with

hmsq,r,t,ld ;
1

p"3 o
l=um−mu

`

i lYl
m−msq,0d

3E dscosudYl
m−m*su,0dgsudel,m

sxd su,0d

3E dp p2fspd j lSpr

"
Dexps− ipct/"d, s19d

where the subscriptm implies the corresponding component
in the expansions10d. The position-space field components
vary as expfism−mdlwg, indicating az component of orbital
angular momentum equal to"lz="lsm−md. Thus the
position-spacez components of spin, orbital, and total angu-
lar momentum are exactly the same as those in momentum
space, and all of the specific results discussed above regard-
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ing the z component angular momenta apply in position
space.

The q dependence can be obtained by expanding the in-
tegrand as

Î2pgsudel,m
sxd su,0d = o

l=um−mu

`

cm,lYl
m−msu,0d s20d

and using the orthogonality of the spherical harmonics with
the sameuszu value. We consider a few examples. Ifm=1 and
gl=1 thenc0,l =4/Î6Y1

1dl,1 so that thez component of the
field ,sinq. For the counterclockwise-rotating component
of the field, c1,l =4/Î3Y0

0dl,0+2/Î6Y1
0dl,1, which gives a

q-independent term and a cosq term. The basis in Ref.f9g
implies m=0 and g=sinu and gives c0,l =4/Î3Y0

0dl,0
−10/Î8Y2

0dl,2. In all cases the field component vanishes on
any axis along which the component ofL has a nonzero
value. This is true in general sincej ls0d=0 for l .0 fsee Eq.
s19dg.

The singularity ofasxd discussed in Sec. II is the axis of a
vortex. Expressions10d makes explicit the angular momenta
of the basis vectors along the direction of the string, and
associated clockwise and counterclockwise rotation about it.
The polar angleu=0 identifies the positivez axis and the
paraxial limit when describing a beam, whileu=p identifies
the negativez axis. If m=0, the wholez axis is singular,
while if m=1, there is no singularity associated with the
positivez axis slz=0d, but the negativez axis haslz=2l, that
is, it has twice the strength or topological charge. The singu-
larity has just been moved from the positive to the negativez
axis. The center of the vortex has zero intensity as discussed

above. The orbital angular momentum arises from a bright
annular ring about the axis, as witnessed in thej lspr /"dsinq
dependence of the field, and the radius of this ring goes to
zero with the parameter describing the spatial extent of the
localized photon state.

IV. CONCLUSION

In summary, we have examined the physical meaning of
the gauge associated with the photon position operator, and
found that position operators with a different geometrical
gauge have localized eigenvectors with different angular mo-
menta. Thez component of the total angular momentum op-
erator commutes with the position operator, and localized
photon states of definite helicity can also have a definitejz.
We find that asymptotically localized photon states are not
spherically symmetric fuzzy balls, but can have the screw
phase dislocation or optical vortex structure that character-
izes Laguerre-Gaussian beams. The situation is analogous to
a Dirac monopole and its associated string singularity, and
the same mathematical results apply. A geometric gauge
transformation can change the total angular momentum of
the localized basis states, but a deviation from spherical sym-
metry remains.
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